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ABSTRACT Barnacle muscle fibers subjected to constant current stimulation produce a
variety of types of oscillatory behavior when the internal medium contains the Ca"+ chelator
EGTA. Oscillations are abolished if Ca"+ is removed from the external medium, or if the K+
conductance is blocked. Available voltage-clamp data indicate that the cell's active conduc-
tance systems are exceptionally simple. Given the complexity of barnacle fiber voltage
behavior, this seems paradoxical. This paper presents an analysis of the possible modes of
behavior available to a system of two noninactivating conductance mechanisms, and indicates
a good correspondence to the types of behavior exhibited by barnacle fiber. The differential
equations of a simple equivalent circuit for the fiber are dealt with by means of some of the
mathematical techniques of nonlinear mechanics. General features of the system are (a) a
propensity to produce damped or sustained oscillations over a rather broad parameter range,
and (b) considerable latitude in the shape of the oscillatory potentials. It is concluded that for
cells subject to changeable parameters (either from cell to cell or with time during cellular
activity), a system dominated by two noninactivating conductances can exhibit varied
oscillatory and bistable behavior.

INTRODUCTION

Voltage-clamp studies of the barnacle muscle (Keynes et al., 1973; Hagiwara et al., 1969;
Hagiwara et al., 1974; Murayama and Lakshminarayanaiah, 1977; Beirao and Lakshmina-
rayanaiah, 1979) indicate that the fiber possesses a simple conductance system consisting of
voltage dependent Ca"+ and K+ channels, neither of which inactivates appreciably. Current-
clamp studies, however, show complicated oscillatory voltage behavior (Hagiwara and
Nakajima, 1966; Murayama and Lakshminarayanaiah, 1977). In this paper we ask whether a

system of two noninactivating conductances can, in fact, account for such phenomena. A
mathematical study shows that this simple system can predict much of the barnacle fiber
behavior, although the simplest model fails to explain some areas of behavior.
Of the two species of ion conductances in barnacle muscle (voltage- and time-dependent),

neither shows fast inactivation, although accumulation of permeating ions produces time-
dependent reduction of K+ currents (Keynes et al., 1973) and may also account for the slow
but variable decay of Ca"+ channel currents. Two noninactivating conductances would
constitute an unusually simple conductance apparatus, compared with other crustaceans (cf.
Mounier and Vassort, 1975; Hencek and Zachar, 1977). There is preliminary evidence for a
Ca++-activated gK in the barnacle fiber (Murayama and Lakshminarayanaiah, 1977). In our
analysis this process would not enter into consideration of the primary oscillation, but it might
effect slow modulations to produce "bursting" phenomena similar to those modelled for
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electrical recordings from depressor scutorum rostralis muscle fibers

Large specimens of the barnacle Balanus nubilus were sawed into lateral 
halves, and the depressor scutorum rostralis muscles were carefully 
exposed.  Individual fibers were dissected, the incision starting from the 
tendon. The other end of the muscle was cut close to its attachment on the 
shell and ligatured. Isolated fibers were either used immediately or kept for 
up to 30 min in standard artifical seawater before use. Experiments were 
carried out at room temperature. 



representative voltage oscillations during 
electrical recordings from barnacle muscle fiber 



The full Morris-Lecar model of barnacle muscle fiber

C
dV

dt
= Iapp � gL (V � EL)� gcam (V � ECa)

� gKw (V � EK)

dm

dt
= �m�m�(V )

�m(V )

dw

dt
= �w � w�(V )

�w(V )

One leakage current and two 
voltage-gated currents

Such models reproduce membrane excitability, oscillations, 
bursting, etc., but how can we analyze and understand them?

(Cathy Morris and Harold Lecar, 1981)



Calcium current activates fast (1 ms)

This is faster than the potassium current activates 
(10s of ms) and faster than membrane time 
constant (τ = C/g = 10 ms)

So assume activation of calcium current is 
“instantaneous” function of voltage in order to 
simplify membrane model

This means m(t)=m∞(V(t)) — and this allows us to 
eliminate an equation.  Now there are only two!



The reduced Morris-Lecar model

C
dV

dt
= Iapp � gL (V � EL)� gCam�(V ) (V � ECa)

� gKw (V � EK)

dw

dt
= �⇥

w � w�(V )
�w(V )

instantaneously equilibrating 
activation gating variable for 

the inward Ca2+ current

slow activation gating 
variable for the 

outward K+ current278 The Morris-Lecar model
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Figure 14.3 Gating variables for the Morris-Lecar model given by Eq. 14.2
with v1 = �1.2mV, v2 = 18mV, v3 = 2mV, v4 = 30mV.

and a passive leak. Our study of voltage clamp recording (Chapter 12) and
the delayed rectifier potassium current (Chapter ??) has prepared the reader
to explore membrane excitability that arises when an inward regenerative
current is combined with an outward current that activates with depolar-
ization. We choose to explore membrane excitability in the context of the
Morris-Lecar model of the barnacle muscle fiber. In this chapter we focus
on the dynamics of membrane potential as a function of time and present
a few bifurcation diagrams that summarize the model response to changing
applied current. Phase plane analysis is introduced in Chapter ?? and later
applied to the Morris-Lecar model (Chapter ??) in an analysis of distinct
types of membrane excitability.

[[NOTE: While the reduced two-variable model is used in Chapter ??, the
assumption that m ⇡ m1(V ) is not made in this chapter. It is better to
explain quasi-static approximation and the need for model reduction before
going from the 3 to 2 variable model. There really isn’t any need to reduce
the Morris-Lecar model here, because all we are going to do in this chapter
is simulation and summary bifurcation plots.]]

14.2 Excitability in the Morris-Lecar model

The Morris-Lecar model is able to produce a wide range of phenomena asso-
ciated with excitable cells, including plasma membrane excitability (action
potentials) and oscillations (repetitive spiking). The dotted line of Fig. 14.9
shows the stable steady state exhibited by the model when the applied cur-
rent is given by Iapp = XXX. The steady state is given by V = XXX,
m = XXX, and w = XXX and this leads to zero rate of change of V ,



Morris-Lecar Simulator

http://www.compadre.org/osp/document/ServeFile.cfm?ID=12417&DocID=3123#Doc3123

http://www.compadre.org/osp/document/ServeFile.cfm?ID=12417&DocID=3123#Doc3123
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Figure 14.2 In response to steps in applied current, the Morris-Lecar model
exhibits membrane excitability (action potentials), similar to Hodgkin-
Huxley model (compare Fig. 13.7). [[CHECK UNITS]]

The Morris-Lecar model - membrane oscillations

-80

-60

-40

-20

0

20

40

V
 (m

V
)

0 50 100 150 200 250 300
Ι (µΑ/ cm  )2

A

0

5.0

10.0

15.0

20.0

80 100 120 140 160 180 200 220

fr
eq

ue
nc

y 
(H

z)

Ι (µΑ/ cm  )2

B

Note: as Iapp increases through 
critical value, these oscillations begin 

with nonzero frequency 

“type 2 oscillations”

7 Hz

0

freq



-80

-60

-40

-20

0

20

40

V
 (m

V
)

0 50 100 150 200 250 300
Ι (µΑ/ cm  )2

A

0

5.0

10.0

15.0

20.0

80 100 120 140 160 180 200 220

fr
eq

ue
nc

y 
(H

z)

Ι (µΑ/ cm  )2

B

sss

sss

uss

spo

upo
upo

spo

The Morris-Lecar model - bifurcation diagram



-80

-60

-40

-20

0

20

40

V
 (m

V
)

0 50 100 150 200 250 300
Ι (µΑ/ cm  )2

A

0

5.0

10.0

15.0

20.0

80 100 120 140 160 180 200 220

fr
eq

ue
nc

y 
(H

z)

Ι (µΑ/ cm  )2

B

sss

sss

uss

spo

upo
upo

spo

The Morris-Lecar model - bifurcation diagram14.1 The Morris-Lecar model 277

100µA/cm2

Iapp

Istep

0

50ms

Istep = 30µA/cm2subthreshold response

80 µA/cm2

130 µA/cm2

180 µA/cm2

230 µA/cm2

depolarization block

20mV

V
�61

Figure 14.2 In response to steps in applied current, the Morris-Lecar model
exhibits membrane excitability (action potentials), similar to Hodgkin-
Huxley model (compare Fig. 13.7). [[CHECK UNITS]]



-80

-60

-40

-20

0

20

40

V
 (m

V
)

0 50 100 150 200 250 300
Ι (µΑ/ cm  )2

A

0

5.0

10.0

15.0

20.0

80 100 120 140 160 180 200 220

fr
eq

ue
nc

y 
(H

z)

Ι (µΑ/ cm  )2

B

sss

sss

uss

spo

upo
upo

spo

The Morris-Lecar model - bifurcation diagram

14.1 The Morris-Lecar model 277

100µA/cm2

Iapp

Istep

0

50ms

Istep = 30µA/cm2subthreshold response

80 µA/cm2

130 µA/cm2

180 µA/cm2

230 µA/cm2

depolarization block

20mV

V
�61

Figure 14.2 In response to steps in applied current, the Morris-Lecar model
exhibits membrane excitability (action potentials), similar to Hodgkin-
Huxley model (compare Fig. 13.7). [[CHECK UNITS]]



-80

-60

-40

-20

0

20

40

V
 (m

V
)

0 50 100 150 200 250 300
Ι (µΑ/ cm  )2

A

0

5.0

10.0

15.0

20.0

80 100 120 140 160 180 200 220

fr
eq

ue
nc

y 
(H

z)

Ι (µΑ/ cm  )2

B

sss

sss

uss

spo

upo
upo

spo

The Morris-Lecar model - bifurcation diagram

14.1 The Morris-Lecar model 277

100µA/cm2

Iapp

Istep

0

50ms

Istep = 30µA/cm2subthreshold response

80 µA/cm2

130 µA/cm2

180 µA/cm2

230 µA/cm2

depolarization block

20mV

V
�61

Figure 14.2 In response to steps in applied current, the Morris-Lecar model
exhibits membrane excitability (action potentials), similar to Hodgkin-
Huxley model (compare Fig. 13.7). [[CHECK UNITS]]



-80

-60

-40

-20

0

20

40

V
 (m

V
)

0 50 100 150 200 250 300
Ι (µΑ/ cm  )2

A

0

5.0

10.0

15.0

20.0

80 100 120 140 160 180 200 220

fr
eq

ue
nc

y 
(H

z)

Ι (µΑ/ cm  )2

B

sss

sss

uss

spo

upo
upo

The Morris-Lecar model - bifurcation diagram

14.1 The Morris-Lecar model 277

100µA/cm2

Iapp

Istep

0

50ms

Istep = 30µA/cm2subthreshold response

80 µA/cm2

130 µA/cm2

180 µA/cm2

230 µA/cm2

depolarization block

20mV

V
�61

Figure 14.2 In response to steps in applied current, the Morris-Lecar model
exhibits membrane excitability (action potentials), similar to Hodgkin-
Huxley model (compare Fig. 13.7). [[CHECK UNITS]]



-80

-60

-40

-20

0

20

40

V
 (m

V
)

0 50 100 150 200 250 300
Ι (µΑ/ cm  )2

A

0

5.0

10.0

15.0

20.0

80 100 120 140 160 180 200 220
fr

eq
ue

nc
y 

(H
z)

Ι (µΑ/ cm  )2

B

14.1 The Morris-Lecar model 277

100µA/cm2

Iapp

Istep

0

50ms

Istep = 30µA/cm2subthreshold response

80 µA/cm2

130 µA/cm2

180 µA/cm2

230 µA/cm2

depolarization block

20mV

V
�61

Figure 14.2 In response to steps in applied current, the Morris-Lecar model
exhibits membrane excitability (action potentials), similar to Hodgkin-
Huxley model (compare Fig. 13.7). [[CHECK UNITS]]

bifurcation diagram shows 
min and max of periodic solution
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The Neuron as a Nonlinear ResonatorEugene.Izhikevich@nsi.edu

similar phenomenon in squid giant axon
Hodgkin A.L. (1948) The local electric changes associated with repetitive action 
in a non-medulated axon. Journal of  Physiology 107:165-181.

Type 1 excitability 
(zero frequency of  
emerging spiking)

Type 2 excitability 
(non-zero frequency 
of emerging spiking)

Bifurcation (transition) 
from rest to spiking

Bifurcation 
(transition) from 
rest to spiking
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Figure 14.3 Di↵erent initial voltages in the Morris-Lecar model may lead
to action potentials of di↵erent amplitude (or no action potential at all).

phase diagram for a scalar ODE system (such as Eq. 11.2). Because there
are two dependent variables in the reduced Morris-Lecar model, the state
space is not a line (i.e., the phase line of membrane voltages V ), but rather
the (V,w) plane. Each point in the plane is a possible system state, and the
(V,w) plane in its entirety is the state space of the dynamical system.2 To
every location in the (V,w) plane, there are two associated rates of change
(dV/dt and dw/dt) given by the governing ODEs (Eqs. 14.2 and 14.3).

Using the same parameters as Fig. 14.3, Fig. 14.5 shows the regions in the
plane where the rates of change dV/dt and dw/dt are positive (blue) and
negative (gray). The solid curves in Fig. 14.5 are nullclines that indicate
locations in the phase plane where the rate of change of an independent
variable is zero. The V -nullcline is the set of points (V,w) that lead to
dV/dt = 0 in Eq. 14.2 (top panel, black curve). The w-nullcline is the set of
points (V,w) that lead to dw/dt = 0 in Eq. 14.3 (bottom panel, gray curve).

The phase plane shown in Fig. 14.6 emphasizes the relationship between
the V and w nullclines. The nullcines delimit regions of the (V,w) plane
where dV/dt and dw/dt are positive vs. negative. The rate of change of w
is negative (dw/dt < 0) above the w nullcline where w > w1, and positive

The Morris-Lecar model - membrane excitability
graded action potentials 
(size depends on initial voltage)
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Figure 14.6 Phase plane for Morris-Lecar model (Eq. 14.3).

inward Ca2+ current is recruited. [[CHECK; Add picture?]] For a larger in-
crease in applied current (Fig. ??B), the membrane exhibits a repetitive
sequence of action potentials—the membrane potential oscillates in a non-
linear fashion—until the applied current is restored to zero. For still larger
values of the applied current (Fig. ??C), the membrane does not oscillate,
but depolarizes to a new steady-state. [[mention that this is called depolar-
ization block?]]

These responses can be summarized in the following bifurcation diagram
where the bifurcation parameter is the value of the applied current. In this
diagram the stable steady states (SSS) are represented by solid lines. The
stable oscillations in membrane potential that are observed when Iapp = 150
µA/cm2 are indicated by plotting the minimum and maximum values of
the voltage (filled circles). This aspect of the diagram is really all that we
are prepared to understand until we introduce more mathematical tools.
But what is interesting at this point is that the bifurcation diagram of
Fig. 14.13 summarizes the membrane response to a range of values of the
applied current. The intermediate values of applied current that lead to
stable oscillations is indicated by the “bubble.” The dotted line indicates
unstable steady states and the open circles indicate unstable oscillations,
and we’ll have more to say about these later. These unstable solutions are

nullclines & direction field & solutions 
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Figure 14.5 V and w nullclines for Morris-Lecar model (Eq. 14.3).

current increases, corresponding to activation of the voltage-gated channels.
Because the Ca2+ current is inward, it’s activation leads to further depo-
larization that is responsible for the upstroke of the action potential. The
membrane depolarization also leads to an increase in the gating variable for
the K+ current, corresponding to activation of voltage-gated K+ channels.
Because the K+ current is outward, it’s activation results in the repolar-
ization of the membrane. The after-hyperpolarization of the membrane is
a consequence of the Ca2+ gating variable being faster than the K+ gating
variable; the Ca2+ channels de-activate more quickly than the K+ channels
de-activate and this leads to the membrane being more hyperpolarized than
rest until the K+ channels can fully de-activate.

14.3 Oscillations in the Morris-Lecar model

Fig. ?? shows the dynamics of the Morris-Lecar membrane model (for the
parameters given in Table ??) when the applied current is increased from
Iapp = 0 to 50, 150, and 300 µA/cm2. For a small increase in applied cur-
rent (Fig. ??A), the membrane potential simply relaxes to a new stable
steady state, much like the response of the passive membrane discussed
in Chapter ??. However, clearly there is a little more going on because the
membrane potential overshoots the steady state. This happens because some

Morris-Lecar model - phase plane w/ nullclines
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Figure 14.8 Phase plane for Morris-Lecar model (Eq. 14.3).

Figure 14.9 FigMLAP

On the graph the four phases of this membrane oscillation are labeled.
Indicate which phase or phases corresponds to each of the following:

1. (2 pts.) K+ channels slowly de-activate. [ 1 / 2 / 3 / 4 ] (circle one)

 membrane excitability when potassium channel 
gating is very slow (Φ is small so τw is large)
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�61mV

50ms
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w
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epoch: (1) (2) (3) (4)

Figure 14.7 The voltage threshold for excitability in the Morris-Lecar
model (compare Fig. 13.11). Fast/slow.

important for understanding the dynamics of the system in a comprehensive
way, but they are not likely to be directly observed in an experimental
situation because any small amount of noise will cause the solution to leave
the unstable “repellor” and move toward a stable “attractor.”

Explanation what is observed in phase plane during relaxation oscillations.
Phase 1: At hyperpolarize branch, w1 is below so K+ channels must de-

activate ... membrane depolarizes slightly.
Phase 2: Suddelnly fold bifurcation is reached. Ca2+ channels activate and

membrane depolarizes.
Phase 3: At depolarized branch, w1 is above so K+ channels must acti-

vate...membrane hyperpolarizes slightly.
Phase 4: Suddlenly fold bifurcation is reached. Ca2+ channels de-activate

and membrane hyperpolarizes.

 membrane excitability when potassium channel 
gating is very slow (Φ is small so τw is large)
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Figure 14.10 Excitability in the Morris-Lecar model with separated time
scales and applied current pulse.
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Figure 14.10 Phase plane for Morris-Lecar model (Eq. 14.3). Iapp =
130 µA/cm2. Oscillations.
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Figure 14.11 Phase plane for Morris-Lecar model (Eq. 14.3). Iapp =
130 µA/cm2. Oscillations. Fast/slow

 membrane oscillations 
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 membrane oscillations when potassium channel 
gating is very slow (Φ is small so τw is large)
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Figure 14.13 Oscillations in the Morris-Lecar model with separated time
scales (Iapp = 130µA/cm2).

has move upwards (solid curve) compared to the Iapp = 0 location (dotted
curves). The intersection of the V and w nullclines now occurs between the
knees of the voltage nullcline, in contrast to Fig. 14.7 where the intersection
occurs on the hyperpolarized branch of the V nullcline.

The steady state is unstable, as suggested by the direction field arrows
pointing way from the open circle. The trajectory (blue curve) corresponds
to what would be observed if the applied current remained at Iapp = 300
µA/cm2 indefinitely (as opposed to a 130ms step as in Fig. 14.4). Because
the solution is periodic, the trajectory in the phase plane is a closed loop
(limit cycle). The term limit cycle indicates that the periodic solution is an
attractor, that is, nearby solutions converge asymptotically to the periodic
steady state (not shown).
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"
w

V !

Figure 14.14 Oscillations in the Morris-Lecar model are observed for in-
termediate values of applied current. Shown are nullclines (solid) and tra-
jectories (blue) for Iapp = 50, 90 , 120, 160, 200 and 250µA/cm2. Voltage
nullcline for Iapp = 0 is shown dotted. Question: Which values of Iapp lead
to oscillations. Which value of Iapp leads to depolarization block?

Why does increased Iapp raise the V nullcline?

Many of the phase planes presented in this chapter have involved more than
one value of applied current. In all cases, the larger value of Iapp has the
e↵ect of raising the voltage nullcline (see, e.g., Fig. 14.9). To understand
why, observe that upward in these phase planes is the direction of increasing
w and greater values of IKV for positive driving force (V > EK), because
dIKV/dw = ḡKV(V � EK) and ḡKV > 0. Recall that the voltage nullcline is
defined as the points (V,w) in the plane for which dV/dt = 0, that is,

Iapp = ICaV(V ) + IKV(V,w) + IL(V ) . (14.4)



As we discuss the Morris-Lecar model, the distinction between type 1 and 2 responses will be 
revisited and the table above is exactly what we will observe.  However, it is possible for a Type 2 
membrane to exhibit an extremely sharp graded threshold that is, for all practical purposes, 
indistinguishable from all-or-none.  


In the context of the Hodgkin-Huxley model simulator you are currently using, you may observe a 
"mixture" of behaviors.  Responses to current pulses give a current-frequency relation that has a 
discontinuity (Type 2-like), but the behavior of single action potentials is essentially all-or-none 
(Type 1-like).   This mixed behavior can even occur in the Morris-Lecar model, if the potassium 
channel gating mechanism is very slow.   

type 1 response

excitability  
(single 

action 


potential)

oscillations 

(repetitive 


action 

potentials)

arbitrarily 

low frequency

(continuous 


current-frequency 

relation)

type 2 response
nonzero minimum  


frequency

(discontinuous 


current-frequency 

relation)

all-or-none

action potential  


graded

action potential


(can be effectively

all-or-none) 
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For fixed V , increased Iapp is balanced by increased IKV ,

" Iapp = ICaV+ " IKV(w) + IL ,

and this corresponds to increased w. To see this, di↵erentiate Eq. 14.4 with
respect to w, as follows

dIapp

dw
= ḡKV(V � EK) .

Taking the reciprocal gives

dw

dIapp
=

1

ḡKV(V � EK)
. (14.5)

Thus, the w on the voltage nullcline for fixed V is an increasing function
of Iapp when V > EK = �84mV. Observe that this rate of change is a
decreasing hyperbolic function of V .

dw

dIapp
large

dw

dIapp
small

V !

"
w

The voltage nullclines above use Iapp = 0 and 50µA/cm2 (black curves).
Observe that the di↵erence between the them (blue lines) decreases with
depolarization (as in Eq. 14.5).

Supplemental Problems

Problem 14.1 Consider the following nullcines and trajectories for the fast/slow
version the Morris-Lecar model:


