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Why is mathematics important for 
understanding dynamic phenomena in 

cell biology and neuroscience?



Dynamical phenomena can only be understood 
using mathematical and computational techniques

All you need to know is calculus!  I will teach you 
nonlinear dynamics in this cell biophysical context

Emphasis on intuitive graphical techniques



1.5 Benefits and limitations of mathematical models 9
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Figure 1.3 The cycle of experiment, hypothesis and prediction in the bio-
logical sciences. Moving from hypothesis to prediction requires either con-
ceptual or mathematical modeling.

dynamical systems modeling with di↵erential equations. Today, Hodgkin-
Huxley-style modeling is the dominant framework for studying and analyz-
ing ion channel kinetics and the physiological consequences of di↵erentially
expressed ionic currents in neurons and other excitable cells (e.g., myocytes,
pancreatic beta cells, saccular hair cells). The dynamical systems perspec-
tive is a key ingredient of a historically accurate and scientifically rigorous
understanding of the physiology of excitable cells.

Discuss Putting dynamics and di↵erential equations to one side, what other
types of mathematics are important to the life sciences?

1.5 Benefits and limitations of mathematical models

Life scientists study experimental model systems such as nematodes (round-
worms) and drosophila (fruit flies) because this practice facilitates scientific
discovery. Experimental model systems are developed and utilized because
they lend themselves to investigation (e.g., due to a technical or ethical ad-



What is the basic plan of the brain?



Ask 10 of the world’s leading neuroscientists 
how the brain works—how it thinks, feels, 
perceives, and acts as a unified whole—and 
you will get 10 different answers, unless they 
are very narrowly framed around the 
biophysics and chemistry of nerve impulse 
conduction and synaptic transmission.

Larry W. Swanson
Brain Architecture
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How many neurons are there 

in the brain?



 10 – 100 billion neurons
in human brain

200 – 400 billion stars
in Milky Way galaxy



The iPhone 15 Pro contains 
19 billion transistors.

The iPhone 15 Pro contains 19 billion transistors



Why are we comparing neurons with transistors???

brain
microcircuit

neuron
synapse

signaling complex
ion channel

protein phosphorylation 

network
computer
central processing unit
integrated circuit
transistor 

?



The neuron doctrine is 
the working hypothesis 
that has become the basis 
of modern neuroscience. 

(1) the neuron is an 
independent cellular unit 

(2) neurons are 
polarized to mediate 
input/output functions 



How many types of neurons per brain?



A. Pyramidal neuron from a deep cortical layer. B. Pyramidal neuron from the CA1 of the 
hippocampus. C. Purkinje cell from the cerebellum. D. Motoneuron from the spinal cord 
(axon not reconstructed). E. Stellate neuron from the neocortex. http://NeuroMorpho.org. 
Scale bars represents 100 μm.

morphology of various types of neurons

100 μm



Purkinje neuron of the cerebellum - two different orientations 





How are these neurons wired up?











Why read primary scientific literature?
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Morin F, Haufler D, Skinner FK, Lacaille J-C. Characterization
of voltage-gated K! currents contributing to subthreshold mem-
brane potential oscillations in hippocampal CA1 interneurons. J
Neurophysiol 103: 3472–3489, 2010. First published April 14,
2010; doi:10.1152/jn.00848.2009. CA1 inhibitory interneurons at
the stratum lacunosum-moleculare and radiatum junction (LM/RAD-
INs) display subthreshold membrane potential oscillations (MPOs)
involving voltage-dependent Na! and A-type K! currents. LM/RAD-
INs also express other voltage-gated K! currents, although their
properties and role in MPOs remain unclear. Here, we characterized
these voltage-gated K! currents and investigated their role in MPOs.
Using outside-out patch recordings from LM/RAD-IN somata, we
distinguished four voltage-gated K! currents based on their pharma-
cology and activation/inactivation properties: a fast delayed rectifier
current (IKfast), a slow delayed rectifier current (IKslow), a rapidly
inactivating A-type current (IA), and a slowly inactivating current
(ID). Their relative contribution to the total K! current was IA " IKfast "
IKslow # ID. The presence of ID and the relative contributions of K!

currents in LM/RAD-INs are different from those of other CA1 inter-
neurons, suggesting the presence of differential complement of K! cur-
rents in subgroups of interneurons. We next determined whether these
K! currents were sufficient for MPO generation using a single-
compartment model of LM/RAD-INs. The model captured the subthresh-
old voltage dependence of MPOs. Moreover, all K! currents were active
at subthreshold potentials but ID, IA, and the persistent sodium current
(INaP) were most active near threshold. Using impedance analysis, we
found that IA and INaP contribute to MPO generation by modulating peak
spectral frequency during MPOs and governing the voltage range over
which MPOs occur. Our findings uncover a differential expression of a
complement of K! channels that underlies intrinsic rhythmic activity in
inhibitory interneurons.

I N T R O D U C T I O N

In behaving animals, patterns of hippocampal synchronous
oscillatory activity in the theta-frequency range are linked to
learning and memory formation (Bland 1986; Buzsáki 2002;
Vinogradova 1995; Winson 1978). In the CA1 hippocampus,
theta activity arises from GABAergic and cholinergic afferents
from the medial septum (Bland and Colom 1993). The synchro-
nization of CA1 pyramidal cells at theta frequency (4–12 Hz)
involves inhibitory interneurons, which rhythmically inhibit prin-
cipal cells through !-aminobutyric acid type A (GABAA) chloride
conductances (Fox 1989; Fox et al. 1983; Leung 1984; Leung and
Yim 1986; Soltesz and Deschênes 1993; Tóth et al. 1997; Ylinen

et al. 1995). In addition, application of carbachol to in vitro
slices generates theta-frequency membrane potential oscillations
(MPOs) in inhibitory interneurons that lead to rhythmic firing and
pacing of CA1 pyramidal cells (Chapman and Lacaille 1999b).
This intrinsic rhythmic activity in CA1 pyramidal cells (Leung
and Yim 1991) and inhibitory interneurons likely also participates
in pacing the CA1 network into theta activity (Bourdeau et al.
2007; Chapman and Lacaille 1999b). MPOs were characterized in
interneurons located at the junction of strata radiatum and lacu-
nosum-moleculare (LM/RAD-INs) and found to involve the in-
terplay of voltage-dependent Na! and K! conductances (Chap-
man and Lacaille 1999a). Recently, the implication of Kv4.3-
mediated A-type K! currents in MPOs was demonstrated by
small interfering RNA (siRNA) knocking-down of Kv4.3 in
LM/RAD-INs (Bourdeau et al. 2007).

However, other K! currents have also been characterized in
interneurons (Lien et al. 2002; Martina et al. 1998; Zhang and
McBain 1995). Voltage-gated K! channels can be differentiated
based on their biophysical properties or on their sensitivity to
pharmacological agents such as 4-aminopyridine (4-AP), tetraeth-
ylammonium chloride (TEA), and neurotoxins (Coetzee et al.
1999; Lien et al. 2002; Locke and Nerbonne 1997; Martina et al.
1998). Using different concentrations of 4-AP and TEA, Lien et
al. (2002) demonstrated that hippocampal CA1 interneurons in
stratum oriens near the alveus (OA-INs) possess three subtypes of
voltage-gated K! currents: a fast delayed rectifier current, sensi-
tive to low concentrations of 4-AP and TEA; a slow delayed
rectifier current, sensitive to high concentrations of TEA; and a
rapidly inactivating A-type K! current, blocked by high concen-
trations of 4-AP. Although MPOs in LM/RAD-INs were not
prevented by blockers of delayed rectifier currents (TEA), Ih
(4-ethylphenylamino-1,2-dimethyl-6-methylaminopyrimidinium
chloride [ZD7288]), and IM (10,10-bis(4-pyridinylmethyl-
9(10H)-anthracenone dihydrochloride [Xe991]) (Bourdeau et al.
2007; Chapman and Lacaille 1999a), the presence of other volt-
age-gated K! currents has not been examined in LM/RAD-INs
and their role in MPOs remains unexplored. Thus the dual aim of
this study was 1) to identify voltage-dependent K! current sub-
types in LM/RAD-INs and characterize their gating properties and
2) to develop a mathematical model of LM/RAD-INs based on the
experimental data and use the model to examine how the com-
plement of voltage-dependent currents generates MPOs.

M E T H O D S

Slice preparation
All animal procedures conformed to the animal welfare guidelines

of the Université de Montréal (CDEA, Université de Montréal, Que-
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By the end of the semester you will totally get this.
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High Frequency Stimulation of the Subthalamic Nucleus Eliminates
Pathological Thalamic Rhythmicity in a Computational Model
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Abstract. Deep brain stimulation (DBS) of the subthalamic nucleus (STN) or the internal segment of the globus
pallidus (GPi) has recently been recognized as an important form of intervention for alleviating motor symptoms
associated with Parkinson’s disease, but the mechanism underlying its effectiveness remains unknown. Using a
computational model, this paper considers the hypothesis that DBS works by replacing pathologically rhythmic
basal ganglia output with tonic, high frequency firing. In our simulations of parkinsonian conditions, rhythmic
inhibition from GPi to the thalamus compromises the ability of thalamocortical relay (TC) cells to respond to
depolarizing inputs, such as sensorimotor signals. High frequency stimulation of STN regularizes GPi firing, and
this restores TC responsiveness, despite the increased frequency and amplitude of GPi inhibition to thalamus that
result. We provide a mathematical phase plane analysis of the mechanisms that determine TC relay capabilities in
normal, parkinsonian, and DBS states in a reduced model. This analysis highlights the differences in deinactivation of
the low-threshold calcium T -current that we observe in TC cells in these different conditions. Alternative scenarios
involving convergence of thalamic signals in the cortex are also discussed, and predictions associated with these
results, including the occurrence of rhythmic rebound bursts in certain TC cells in parkinsonian states and their
drastic reduction by DBS, are stated. These results demonstrate how DBS could work by increasing firing rates of
target cells, rather than shutting them down.

Keywords: deep brain stimulation, basal ganglia, Parkinson’s disease

1. Introduction

Deep brain stimulation (DBS) of the subthalamic nu-
cleus (STN) or the internal segment of the globus pal-
lidus (GPi) has recently gained great importance in the
treatment of Parkinson’s disease (PD) and other neu-
rological disorders (for recent reviews and results, see
e.g. Olanow et al., 2000; Benabid et al., 2001b,c; Gross,

2001; The Deep Brain Stimulation for Parkinson’s Dis-
ease Study Group, 2001; Pollak et al., 2002). The ba-
sic mechanisms underlying DBS remain mysterious,
however. It is not known whether DBS acts to enhance
or suppress neuronal activity within a given structure,
which areas and which neurons within these areas are
acted upon by DBS, or how the geometry and orienta-
tion of neurons modulate the effect of the electric field
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BKCa-Cav Channel Complexes
Mediate Rapid and Localized
Ca2+-Activated K+ Signaling
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Large-conductance calcium- and voltage-activated potassium channels (BKCa) are dually activated
by membrane depolarization and elevation of cytosolic calcium ions (Ca2+). Under normal cellular
conditions, BKCa channel activation requires Ca2+ concentrations that typically occur in close
proximity to Ca2+ sources. We show that BKCa channels affinity-purified from rat brain are
assembled into macromolecular complexes with the voltage-gated calcium channels Cav1.2
(L-type), Cav2.1 (P/Q-type), and Cav2.2 (N-type). Heterologously expressed BKCa-Cav complexes
reconstitute a functional “Ca2+ nanodomain” where Ca2+ influx through the Cav channel activates
BKCa in the physiological voltage range with submillisecond kinetics. Complex formation with
distinct Cav channels enables BKCa-mediated membrane hyperpolarization that controls neuronal
firing pattern and release of hormones and transmitters in the central nervous system.

Large-conductance Ca2+- and voltage-
activated K+ channels (BKCa or KCa1.1)
are fundamental modulators of neuronal

signaling (1, 2) by contributing to action potential
repolarization (3, 4), mediating the fast phase of
afterhyperpolarization (3, 5–8), controlling den-
dritic Ca2+ spikes (9), and establishing a feedback
loop between membrane potential and cytosolic
Ca2+ that regulates release of hormones and
transmitters (10–13).

The physiological functions of BKCa chan-
nels arise from their unique allosteric activation
by two distinct stimuli, membrane depolarization
and cytosolic Ca2+ ions (14–16). Increasing Ca2+

concentrations ([Ca2+]i) shift the depolarization
required for channel opening into the physiolog-
ical voltage range. In fact, [Ca2+]i of ≥ 10 mMare
usually required for activating BKCa channels at
membrane potentials around 0 mV (17). In
central nervous system (CNS) neurons, such
high levels of [Ca2+]i are tightly restricted in time
and space to local “Ca2+-signaling domains”
centered around voltage-activated Ca2+ (Cav)
channels (18, 19). In these domains, speed and
magnitude of Ca2+ signals are inversely related to
the distance from the Ca2+ source and are
assessed experimentally by the distinct properties
of the Ca2+ chelators EGTA and BAPTA. Thus,

Ca2+-sensitive processes affected by millimolar
concentrations of BAPTA but not EGTA are
assumed to be placed within ~20 nm from the
Cav channels (nanodomain), while processes
with an equal BAPTA/EGTA sensitivity are
located between 20 and 200 nm (microdomain)
or even further away from the Ca2+ source (18).

Functional characterization in various types
of neurons provided two hallmarks for the ac-
tivation of BKCa under normal conditions. First,
BKCa channels reside in close spatial proximity
to Cav channels, as they were robustly activated
by Ca2+ influx through the Cav channels in the
presence of EGTA, whereas BAPTA at milli-
molar concentrations largely attenuated or
abolished the functional channel-channel cou-
pling (3, 13, 20–22). Second, BKCa channels
appear to be selectively activated by a subset of
Cav channels with distinct functional properties
and subcellular distribution. Thus, P/Q-, N- and
L-type Cav channels activate BKCa either
selectively or concertedly in nerve terminals,
dendrites, or somata of various types of CNS
neurons (3, 6, 13, 20, 23, 24).

Despite its fundamental importance for the
physiology of BKCa channels, the mechanism
underlying the intimate and selective association
between BKCa and Cav channels is as yet un-
known, and selective coupling between BKCa

and Cav channels in heterologous expression
systems has not been demonstrated.

Affinity Purification of BKCa Channel
Complexes from Rat Brain
We used affinity purifications (AP) with two
different BKCaa subunit-specific antibodies (anti-
BKa and anti-BKa* Abs) on solubilized plasma
membrane–enriched protein fractions prepared
from total rat brain (25). Separation by blue native

and subsequent denaturing gel electrophoresis
showed that these protein fractions contained
high-molecular-weight complexes of BKCa chan-
nels [Fig. 1A, (26)]. Total eluates obtained in APs
with the two anti-BKa Abs and with several im-
munoglobulin G (IgG) pools (preimmunization
IgGs and antibodies unrelated to BKa) serving as
a control were subjected to analysis by nanoflow
liquid chromatography tandem mass spectrometry
(nano-LC MS/MS) (Fig. 1A). This approach iden-
tified the a subunit of BKCa channels (BKa) by
retrieving≥ 66 different peptide fragments (for each
anti-BKa Ab) covering ~75% of the BKa primary
sequence (Fig. 1, B and C and Table 1, top). In
addition,MS/MSspectra from the anti-BKa eluates
unambiguously identified the two BKb subunits
(BKb2 and BKb4) expressed in the CNS (17), as
well as severalCavchannela andb subunits (Table1,
top). The Cava subunits specifically retained by
both anti-BKa Abs were Cav1.2, Cav2.1 and
Cav2.2 (Table 1 and fig. S1) (26) encoding the
pore-forming subunits of the L-, P/Q- andN-type
Cav channels, respectively (27). In fact, Cav2.1
was the protein most abundantly copurified with
BKa; all together, MS/MS analyses detected 43
different peptides covering ~44% of the Cav2.1
amino acid sequence. Similar sequence coverage
was obtained for the specifically copurified Cavb
subunits Cavb1b, Cavb2, and Cavb3 (Table 1 and
fig. S1). In contrast, Cav2.3, R-type Cav channels
(27), and the Cavb4 subunit were detected in the
eluates from both anti-BKa Abs and control IgGs
with similar abundance (Table 1 and fig. S1).

Coassembly with Cav1.2 channels was con-
firmed by subsequent reverse purification using an
antibody specific for the Cav1.2 subunit (anti-
Cav1.2) and suitable for AP from rat brain plasma
membranes. As illustrated in Fig. 2A by the ion
chromatogram (left) and the MS/MS spectrum
(right) of one out of the eight unique peptides
obtained, BKa was copurified by anti-Cav1.2 but
not by the control IgG pools (Table 1, bottom).

Coassembly of Heterologously Expressed
BKCa and Cav Channels
The copurification of BKCa with specific Cav
channel subtypes from rat brain plasmamembranes
was reproduced by APs from culture cells that
heterologously expressedBKCa channels and either
Cav1.2 or Cav2.1 channels. For these experiments,
the respective channel subunits BKa andBKb4, as
well as Cav1.2 or Cav2.1, Cavb1b or Cavb3, and
a2d (28), were transfected into culture cells or
injected as cRNAs into Xenopus oocytes (26).
Figure 2B and fig. S2A illustrate the results of
coimmunoprecipitations using anti-BKa and anti-
Cav1.2 on the BKCa-Cav1.2 coexpressions in
culture cells. Thus, anti-BKa effectively and
specifically retained the Cav1.2 subunit, and anti-
Cav1.2 coprecipitated the BKa subunit with
similar efficiency. An equivalent result was ob-
tained from an AP using anti-BKa on Xenopus
oocytes coexpressing BKCa and Cav2.1 channels.
In this experiment, copurification of the Cav
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Del Negro, Christopher A., Naohiro Koshiya, Robert J. Butera,
Jr., and Jeffrey C. Smith. Persistent sodium current, membrane
properties and bursting behavior of pre-Bötzinger complex inspira-
tory neurons in vitro. J Neurophysiol 88: 2242–2250, 2002;
10.1152/jn.00081.2002. We measured persistent Na! current and
membrane properties of bursting-pacemaker and nonbursting inspira-
tory neurons of the neonatal rat pre-Bötzinger complex (pre-BötC) in
brain stem slice preparations with a rhythmically active respiratory
network in vitro. In whole-cell recordings, slow voltage ramps (!100
mV/s) inactivated the fast, spike-generating Na! current and yielded
N-shaped current-voltage relationships with nonmonotonic, negative-
slope regions between "60 and "35 mV when the voltage-sensitive
component was isolated. The underlying current was a TTX-sensitive
persistent Na! current (INaP) since the inward current was present at
slow voltage ramp speeds (3.3–100 mV/s) and the current was
blocked by 1 "M TTX. We measured the biophysical properties of
INaP after subtracting the voltage-insensitive “leak” current (ILeak) in
the presence of Cd2! and in some cases tetraethylammonium (TEA).
Peak INaP ranged from "50 to "200 pA at a membrane potential of
"30 mV. Decreasing the speed of the voltage ramp caused time-
dependent INaP inactivation, but this current was present at ramp
speeds as low as 3.3 mV/s. INaP activated at "60 mV and obtained
half-maximal activation near "40 mV. The subthreshold voltage
dependence and slow inactivation kinetics of INaP, which closely
resemble those of INaP mathematically modeled as a burst-generation
mechanism in pacemaker neurons of the pre-BötC, suggest that INaP
predominantly influences bursting dynamics of pre-BötC inspiratory
pacemaker neurons in vitro. We also found that the ratio of persistent
Na! conductance to leak conductance (gNaP/gLeak) can distinguish the
phenotypic subpopulations of bursting pacemaker and nonbursting
inspiratory neurons: pacemaker neurons showed gNaP/gLeak # gNaP/
gLeak in nonpacemaker cells (P $ 0.0002). We conclude that INaP is
ubiquitously expressed by pre-BötC inspiratory neurons and that
bursting pacemaker behavior within the heterogeneous population of
inspiratory neurons is achieved with specific ratios of these two
conductances, gNaP and gLeak.

I N T R O D U C T I O N

The neural rhythm for breathing in mammals is generated by
a network in the brain stem. The intrinsic membrane and
synaptic properties of constituent neurons in this network de-
termine the mechanism of rhythm generation. Here we quan-

tify biophysical properties of inspiratory neurons in the pre-
Bötzinger complex (pre-BötC)—the critical locus for rhythm
generation in the ventrolateral medulla that contains the neu-
rons that are necessary and sufficient to generate inspiratory
motor rhythms in vitro (Rekling and Feldman 1998; Smith et
al. 1991, 2000) and in vivo (Koshiya and Guyenet 1996;
Ramirez et al. 1998) and are required for normal breathing in
intact awake adult rats in vivo (Gray et al. 2001). The pre-BötC
contains a subset of inspiratory neurons that express autono-
mous oscillatory bursting behavior, i.e., “pacemaker” neurons
(Johnson et al. 1994; Koshiya and Smith 1999a; Smith et al.
1991; Thoby-Brisson and Ramirez 2001) as well as nonburst-
ing neurons. Rhythm generation does not require chloride-
mediated postsynaptic inhibition (Feldman and Smith 1989;
Gray et al. 1999) and inspiratory neuron activity is synchro-
nized via excitatory synapses (Koshiya and Smith 1999a).
Therefore we proposed that an excitatory network of pre-BötC
neurons putatively constitutes the rhythm-generating kernel
and that rhythm emerges at the population level from a dy-
namic interaction of intrinsic cellular properties and excitatory
network synaptic interactions (Butera et al. 1999b; Smith et al.
2000).
Previously we modeled pre-BötC inspiratory neurons and

hypothesized that a persistent Na! current (INaP) interacting
with a K!-dominated, voltage-insensitive leak-type current
(ILeak) can give rise to bursting pacemaker behavior in a subset
of cells with appropriate levels of the key conductances–the
persistent Na! conductance (gNaP) and the leak conductance
(gLeak) (Butera et al. 1999a). We then assembled a heteroge-
neous network model of the pre-BötC kernel containing burst-
ing-pacemaker and nonbursting phenotypes (Butera et al.
1999b). The relative magnitudes of gNaP and gLeak determines
whether model neurons exhibit bursting-pacemaker or non-
bursting behavior when other biophysical properties are kept
constant. Heterogeneity of gNaP and gLeak was shown in the
models to importantly affect network dynamic behavior, and
parameter distributions were originally chosen to optimize
network performance. Recently, in vitro experiments verified
that the models can closely resemble neuronal and network
behaviors recorded in vitro (Del Negro et al. 2001). However,
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