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Figure 10.4 Approximate ionic ratios and resulting Nernst equilibrium po-
tentials (see Eqs. 10.7–10.10).

similar to Eq. 10.6 gives 26.7 mV when T = 37 �C (body temperature, see
Exercise 2).

Four important Nernst equilibrium potentials

Assuming that homeostatic mechanisms maintain ionic concentration gra-
dients in living cells (see Table 10.2, the Nernst equilibrium potentials for
potassium, sodium, chloride and calcium will be constant. Fig. 10.4 shows
approximate values for these four important Nernst equilibrium potentials
ordered on a horizontal axis with units of mV. These estimates use the
Nernst equation, the above-mentioned value of 25 mV for RT/F , and an
easy-to-remember dimensionless concentration ratios (extracellular over in-
tercellular). For example, using [K+]o/[K+]i ⇡ 1/40, we find

EK =
RT

zKF
log

[K+]o
[K+]i

= 25 mV · log
1

40| {z }
�3.69

⇡ �90 mV. (10.7)

Similar calculations for sodium, chloride and calcium are

ENa =
RT

zNaF
log

[Na+]o
[Na+]i

= 25 mV · log 12| {z }
2.48

⇡ +60 mV (10.8)

ECl =
RT

zClF
log

[Cl�]o
[Cl�]i

= �25 mV · log 30| {z }
3.40

⇡ �85 mV (10.9)
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Figure 6.1 The phase diagram of the single compartmental model (Chap-
ter 5). Arrows on the phase line indicate the flow of solutions toward the
stable steady state (css = |/k).

6.2 Phase diagram for the single compartment model

To introduce the phase diagram method, we return to the open cell model
of Fig. 3.6,

dccyt

dt
= jin � jout ccyt(0) = c0

cyt.

where c is the cytosolic calcium concentration (Fig. 3.6). Assuming the
plasma membrane influx rate is constant and the e✏ux rate is proportional
to the intracellular calcium concentration, we wrote the corresponding ODE
initial value problem in Chapter ??,

dc

dt
= | � kc c(0) = c0. (6.1)

The phase diagram for this model (Eq. 6.1) is a graph with the independent
variable c on the horizontal axis and the rate of change dc/dt = |�kc on the
vertical axis (Fig. 6.1). The phase diagram of Eq. 6.1 is a plot of the right
hand side of the ODE, that is, a straight line f(c) = | � kc that intersects
the vertical axis at | and intersects the horizontal axis at |/k. The horizontal
axis of the phase diagram graphically represents every possible value—in a
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Figure 8.1 Single compartment open cell model of cytosolic calcium con-
centration. Arrows represent influx and e✏ux across the plasma membrane.

that intersects the vertical axis at | and intersects the horizontal axis at |/k
(Fig. 8.2).

The horizontal axis of the phase diagram graphically represents every
possible value—in a mathematical sense—of the independent variable of the
ODE (�1 < c < 1). However, some values of c are nonphysical (gray
region), because c is a concentration and therefore nonnegative (0  c <
1). For any state of the system—that is, for any particular value of c—
the phase diagram graphically represents the corresponding rate of change
dc/dt. The sign of dc/dt (negative, zero, or positive) determines whether the
compartment model, with cytosolic [Ca2+] given by any particular value of
c represented on the horizontal axis, has a balance of influx and e✏ux that
will cause c to decrease, remain unchanged, or increase.

Inspecting Fig. 8.2 we see that when the intercellular [Ca2+] is zero the
rate of change of the intercellular [Ca2+] is given by the influx rate |, because
dc/dt = | when c = 0. In fact, for all c < |/k, the blue line is above the
horizontal axis (dc/dt > 0). The rightward facing arrows on the phase line
indicate that the rate of change of intercellular [Ca2+] is positive on the
interval c 2 [0, |/k). When c > |/k, the line representing dc/dt is below the
horizontal axis (dc/dt < 0). The leftward facing arrows on the phase line
indicate that the rate of change of the intercellular [Ca2+] is negativeon the
interval c 2 (|/k, 1).

When c = |/k, the blue line intersects the horizontal axis, indicating that
the rate of change of the intercellular [Ca2+] is zero. Because dc/dt = 0 for
this particular value of intracellular [Ca2+], choosing the initial condition
c0 = |/k would lead to a constant solution c(t) = |/k. Such a solution
is referred to as a fixed point or steady state of the ODE compartmental
model. In the construction of the phase diagram, we label this important
point on the horiztonal axis with css (ss for steady state).

our first model assumptions ODE IVP

phase diagram
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Figure 6.2 Left: A simple version of the phase diagram of Fig. 6.1.
Q1: What is the sign of dc/dt in the blue and gray regions? Middle: The
phase line of this diagram rotated 90 degrees to register with the plot on
the right. Right: Di↵erent initial conditions lead to solutions whose qualita-
tive dynamics are consistent with the flow on the phase line (black arrows).
Q2: Visualize the solution with initial condition were c(0) = 0. Is the initial
rate of change positive or negative? A1: dc/dt is positive in the blue region,
negative in the gray region. A2: Positive.

mathematical sense—of the independent variable of the ODE (�1 < c <
1). However, some values of c are nonphysical (gray region); here c is a
concentration and therefore nonnegative (0  c < 1). For any state of the
system c, the phase diagram graphically represents the corresponding value
of dc/dt. The sign of dc/dt (negative, zero, positive) is all that we require
to determine whether a system with a particular value of c has a balance of
influx and e✏ux that will cause c to decrease, remain unchanged, or increase.

For c = 0 the rate of change of c is given by the influx rate | (dc/dt = |
when c = 0). Because | is positive, the rate of change of c will be positive,
and this important qualitative information is indicated on the phase diagram
using a rightward pointing arrows on the horizontal axis near c = 0. In fact,
for all c < |/k, the line representing dc/dt is above the horizontal axis, so
the rate of change of c is positive throughout this range (rightward facing
arrows). When c > |/k, the line representing dc/dt is below the horizontal
axis, and the rate of change of c is negative (leftward facing arrows). When
c = |/k, the line representing dc/dt intersects the horizontal axis, indicating
that the rate of change of c is zero. Because dc/dt = 0 for this particular value
of intracellular calcium concentration, choosing the initial condition c0 = |/k
would lead to a constant solution c(t) = |/k. Such a constant solution is
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Figure 8.3 Left: A simple version of the phase diagram of Fig. 8.2.
Q1: What is the sign of dc/dt in the blue and gray regions? A1: dc/dt
is positive in the blue region, negative in the gray region. Middle: The
phase line of this diagram rotated 90 degrees to register with the plot on
the right. Right: Di↵erent initial conditions c(0) = c0 lead to a single-
parameter family of solutions whose qualitative dynamics are consistent
with the flow on the phase line (black arrows). Q2: Visualize the solution
with initial condition were c(0) = 0. Is the initial rate of change positive or
negative? A2: Positive.

Note how the arrows representing the flow of solutions on the phase line
serve as a compact representation of model responses.

For comparison, Fig. 8.4 (left) shows a phase diagram for the ODE dy/dt =
ay � b where the parameters a and b are positive and, consequently, dy/dt is
a positively sloped line with negative y-intercept. As in Fig. 8.4, the phase
line (horizontal axis) represents every possible value of the independent vari-
able y and the sign of dy/dt determines the direction of flow on the phase
line. In particular, the value of y that leads to zero rate of change satisfies
0 = ayss � b and thus the steady state is yss = a/b. Because dy/dt > 0 for
y > yss and, conversely, dy/dt < 0 for y < yss, the arrows on the phase line
point away from the steady-state. Rotating the phase line 90� in the coun-
terclockwise direction, one gleans that for any initial condition greater than
the steady-state value (y0 > yss), the solution will increase without bound
(y(t) ! 1 as t ! 1). For initial conditions less than the steady-state value
(y0 < yss), solutions will decrease without bound (y(t) ! �1 as t ! 1).
In fact, given that a and b are positive, the only solution of dy/dt = ay � b
that remains bounded as t ! 1 is the constant solution y(t) = yss.

The steady states in Figs. 8.3 and 8.4 are referred to as stable and un-
stable, respectively. A steady state may be classified as stable when the flow
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Figure 8.2 The phase diagram for the single compartmental model (Chap-
ter 7). Arrows on the phase line indicate the flow of solutions toward the
stable steady state (css = |/k).

Stable and unstable steady states

Fig. 8.3 (left) shows a simplified version of the phase diagram of the compart-
mental model (Fig. 8.2). Rotating the phase line 90� in the counterclockwise
direction, one sees the correspondence between model solutions using var-
ious initial conditions and the flow on the phase line. The solutions being
plotted are representatives of the single-parameter family of exponentially
relaxing functions

c = (c0 � css) e�kt + css (8.2)

where c0 is varied but | and k (and thus css = |/k) are fixed. Beginning from
the initial state c0, the intracellular calcium concentration asymptotically
approaches css, either from above or below, with exponential time constant
⌧ = 1/k (Fig. 8.3, right). For initial conditions greater than the steady-state
value (c0 > css), solutions decrease over time and asymptotically approach
the steady state from above (c(t) # css as t ! 1). For initial conditions c0 <
css, solutions increase over time and asymptotically approach the steady
state from below (c(t) " css as t ! 1). When the initial condition is equal to
the steady-state value (c0 = css), the solution is constant, that is, c(t) = c0.
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Stable and unstable steady states

Fig. 8.3 (left) shows a simplified version of the phase diagram of the compart-
mental model (Fig. 8.2). Rotating the phase line 90� in the counterclockwise
direction, one sees the correspondence between model solutions using var-
ious initial conditions and the flow on the phase line. The solutions being
plotted are representatives of the single-parameter family of exponentially
relaxing functions

c = (c0 � css) e�kt + css (8.2)

where c0 is varied but | and k (and thus css = |/k) are fixed. Beginning from
the initial state c0, the intracellular calcium concentration asymptotically
approaches css, either from above or below, with exponential time constant
⌧ = 1/k (Fig. 8.3, right). For initial conditions greater than the steady-state
value (c0 > css), solutions decrease over time and asymptotically approach
the steady state from above (c(t) # css as t ! 1). For initial conditions c0 <
css, solutions increase over time and asymptotically approach the steady
state from below (c(t) " css as t ! 1). When the initial condition is equal to
the steady-state value (c0 = css), the solution is constant, that is, c(t) = c0.
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Voltage-gated Ca2+ channels (VGCCs) mediate calcium entry into neuronal cells in response to membrane
depolarisation and play an essential role in a variety of physiological processes. In Amyotrophic Lateral Sclerosis
(ALS), a fatal neurodegenerative disease caused by motor neuron degeneration in the brain and spinal cord,
intracellular calcium dysregulation has been shown, while no studies have been carried out on VGCCs. Here
we show that the subtype N-type Ca2+ channels are over expressed in G93A cultured cortical neurons and in
motor cortex of G93Amice compared to Controls. In fact, bywestern blotting, immunocytochemical and electro-
physiological experiments, we observe higher membrane expression of N-type Ca2+ channels in G93A neurons
compared to Controls. G93A cortical neurons filled with calcium-sensitive dye Fura-2, show a net calcium entry
during membrane depolarization that is significantly higher compared to Control. Analysis of neuronal vitality
following the exposure of neurons to a high K+ concentration (25 mM, 5 h), shows a significant reduction of
G93A cellular survival compared to Controls. N-type channels are involved in the G93A highermortality because
ω-conotoxin GVIA (1 μM), which selectively blocks these channels, is able to abolish the higher G93A mortality
when added to the external medium.
These data provide robust evidence for an excess of N-type Ca2+ expression in G93A cortical neurons which
induces a higher mortality following membrane depolarization. These results may be central to the understand-
ing of pathogenic pathways inALS and provide novelmolecular targets for the design of rational therapies for the
ALS disorder.

© 2012 Elsevier Inc. All rights reserved.

Introduction

The precise molecular pathways leading to motor neuron injury
and cell death in Amyotrophic Lateral Sclerosis (ALS) remain not
understood. Approximately 90% of cases occur sporadically (sALS).
In the remaining cases, the disease is inherited in an autosomal dom-
inant manner (fALS). The causes of both sporadic and familial form of
ALS are still unknown. The two forms are clinically and pathological-
ly similar, which suggests a common pathogenesis (Gruzman et al.,
2007). Among the fALS cases, a subset of these is a resultant of dom-
inantly inherited mutations in the gene encoding Cu, Zn superoxide
dismutase (SOD1). More than 130 different mutations in the SOD1
enzyme have been identified, all essentially retaining full activity
(Pasinelli and Brown, 2006; Wroe et al., 2008). These mutations
are predominantly single amino acid replacements seemingly random-
ly scattered throughout the structure of this homodimeric 32 kDa

metalloprotein. The discovery of SOD1mutations in fALS was promptly
followed by the generation of transgenic mice constitutively expressing
mutant SOD1 genes (Gurney et al., 1994). Transgenic G93A mice (Gly
93→Ala) are the best characterized and the most utilized in ALS re-
search (Turner and Talbot, 2008).

Several different detrimental processes have been identified during
the disease course in ALS. Among these are: protein misfolding and
aggregation (Billups and Forsythe, 2002; Vance et al., 2009), production
of reactive oxygen species (Bergmann and Keller, 2004), altered neuro-
nal excitability (Carunchio et al., 2010; Kuo et al., 2005; Pieri et al., 2009;
Zona et al., 2006), disruption of mitochondrial function (Liu and
Wong-Riley, 2004; von Lewinski and Keller, 2005), AMPA-mediated
excitotoxicity (Pieri et al., 2003b; Spalloni et al., 2004; Van Den Bosch
et al., 2006; Weiss and Sensi, 2000), deregulation of Ca2+ homeostasis
(Budd and Nicholls, 1996; Guatteo et al., 2007), altered functionality
of voltage-dependent Na+ channels (Kuo et al., 2005; Zona et al.,
2006) and of glial glutamate transporter (Foran et al., 2011). Although
the involvement of each of these factors has been well established,
their temporal and spatial interplay remains elusive. The common
final pathway of neuronal death appears, however, to be related to
excitotoxicity due to chronic deregulation of the intracellular calcium
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G93A transgenic mice are an experimental model of an 
inherited form of ALS with a Glu-to-Ala mutation in SOD1 
(the gene encoding Cu, Zn superoxide dismutase).  
Depolarization activates VGCCs (N-type calcium channels) 
leading to an increase in intracellular calcium concentration 
that subsequent exponentially relaxes to resting values.



et al., 2005; Mills and Nithi, 1997; Moldovan et al., 2012; Pieri et al.,
2003a, 2009; Tamura et al., 2006; van Zundert et al., 2008; Vucic
et al., 2008). In particular, a higher number of action potentials in
response to membrane depolarization have been reported in the
ALS model (Carunchio et al., 2010; Kuo et al., 2005; Pieri et al.,
2009). Altered kinetic properties of the fast transient sodium channel
(Zona et al., 2006), and an increased amount of persistent sodium
current previously reported (Pieri et al., 2009), may both contribute
to hyperexcitability, strongly indicating the involvement of voltage-
gated channels in ALS pathology.

Neuronal hyperexcitabilitymay contribute to neuronal excitotoxicity.
Calcium enters neurons during each action potential through VGCCs.

Thus, neurons with an increased number of action potentials reach a
higher calcium concentration per unit of input, which may activate toxic
pathways (Powers and Binder, 2001). In addition to hyperexcitability,
the higher density of calcium channels that we report in this study
contributes further to an increased amount of calcium entering the cells
followingmembrane depolarization. In fact, both electrophysiological ex-
periments and microfluorimetric measurements reported in this paper,
show that a significantly higher amount of calcium ions enter through
the membrane in G93A neurons following membrane depolarization. It
is interesting to note that, although the amount of calcium ion which
enters is greater in G93A neurons, the time of recovery to base line level
is not significantly different between Control and G93A neurons. Since

Fig. 5. Intracellular Ca2+ accumulation following neuronal depolarization. A — Representative [Ca2+]i variations in 9 DIV Control and G93A cortical neurons following membrane
depolarization from−60 to 0 mV (1.5 s), preceded by a 200 ms hyperpolarization to−80 mV (see inset). The return to base line level of the intracellular calcium concentration is fitted
(dashed line) with a single exponential equation: y=y0+Ae−x/τ where y0 is the base line calcium concentration, A is the maximum amplitude of calcium concentration following
membrane depolarization, and τ the time constant. B — Decay time values (τ; scattered dots) of the [Ca2+]i signals whose means show no significant difference between Control
(9.6±0.9 s; n=11) and G93A neurons (9.3±1.1 s; n=12; p>0.05). C — Means of net calcium entry, calculated as the difference between peak and base line calcium concentration,
in Control (118.3±14.3 nM, n=11) and G93A (178.5±23.5 nM; n=12) neurons (pb0.05, independent Student t test). Scattered dots represent values of net calcium entry for each
neuron. D — Means of the areas below the transient [Ca2+]i signals fitted by exponential curves in Control and G93A neurons whose means are significantly different (pb0.02).

Fig. 6. Cellular viability. A — Quantitative analysis of the effects of membrane depolarization on cortical cell survival induced by 25 mM external K+ concentration (K25). No
significant difference is observed after 1 h exposure to K25. B — A significant cell death is observed after 5 h exposure to K25, both in Control (79.1±1.8 viable cell %; n=13)
and G93A (66.4±2.5 viable cell %; n=12) cultures. Interestingly, in K25 condition, G93A viable cells are significantly reduced compared to those of Control. ωCg tx (1 μM), the
selective blocker of the N-type calcium channels, added to the bath solution, is able to remove the significant higher mortality in G93A (77.8±3.9 viable cell %; n=14) cultures
compared to Control (85.5±1.9 viable cell %; n=12; p>0.05). Asterisk (*) represents statistically significant changes compared to control conditions (K3) (pb0.05); hash (#)
represents statistically significant changes compared to Control K25 (pb0.01); circle (●) compared to Control K25+ωCg tx (pb0.01); dollar ($) compared to G93A K25+ωCg
tx (pb0.05) (one-way ANOVA followed by Bonferroni's test). C — The co-incubation with ωAGA tx (0.5 μM), the selective blocker of P/Q 23 type channel, is not able to reduce
the greater G93A (K25: 61.2±4.2 viable cell %; n=11; K25+ωAGA tx: 65.5±2.3 viable cell %; n=12) cellular death, still significantly higher compared to that of Control
(K25: 77.3±1.3 viable cell %; n=9; K25+ωAGA tx: 82.3±2.1 viable cell %; n=9). Asterisk (*) represents statistically significant changes compared to control conditions (K3)
(pb0.05); hash (#) represents statistically significant changes compared to Control K25 (pb0.01); circle (●) compared to Control K25+ωAGA tx (pb0.01); delta (Δ) compared
to Control K25+ωAGA tx (pb0.01) (one-way ANOVA followed by Bonferroni's test).
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Figure 8.3 Left: A simple version of the phase diagram of Fig. 8.2.
Q1: What is the sign of dc/dt in the blue and gray regions? A1: dc/dt
is positive in the blue region, negative in the gray region. Middle: The
phase line of this diagram rotated 90 degrees to register with the plot on
the right. Right: Di↵erent initial conditions c(0) = c0 lead to a single-
parameter family of solutions whose qualitative dynamics are consistent
with the flow on the phase line (black arrows). Q2: Visualize the solution
with initial condition were c(0) = 0. Is the initial rate of change positive or
negative? A2: Positive.

Note how the arrows representing the flow of solutions on the phase line
serve as a compact representation of model responses.

For comparison, Fig. 8.4 (left) shows a phase diagram for the ODE dy/dt =
ay � b where the parameters a and b are positive and, consequently, dy/dt is
a positively sloped line with negative y-intercept. As in Fig. 8.4, the phase
line (horizontal axis) represents every possible value of the independent vari-
able y and the sign of dy/dt determines the direction of flow on the phase
line. In particular, the value of y that leads to zero rate of change satisfies
0 = ayss � b and thus the steady state is yss = a/b. Because dy/dt > 0 for
y > yss and, conversely, dy/dt < 0 for y < yss, the arrows on the phase line
point away from the steady-state. Rotating the phase line 90� in the coun-
terclockwise direction, one gleans that for any initial condition greater than
the steady-state value (y0 > yss), the solution will increase without bound
(y(t) ! 1 as t ! 1). For initial conditions less than the steady-state value
(y0 < yss), solutions will decrease without bound (y(t) ! �1 as t ! 1).
In fact, given that a and b are positive, the only solution of dy/dt = ay � b
that remains bounded as t ! 1 is the constant solution y(t) = yss.

The steady states in Figs. 8.3 and 8.4 are referred to as stable and un-
stable, respectively. A steady state may be classified as stable when the flow
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Figure 8.2 The phase diagram for the single compartmental model (Chap-
ter 7). Arrows on the phase line indicate the flow of solutions toward the
stable steady state (css = |/k).

Stable and unstable steady states

Fig. 8.3 (left) shows a simplified version of the phase diagram of the compart-
mental model (Fig. 8.2). Rotating the phase line 90� in the counterclockwise
direction, one sees the correspondence between model solutions using var-
ious initial conditions and the flow on the phase line. The solutions being
plotted are representatives of the single-parameter family of exponentially
relaxing functions

c = (c0 � css) e�kt + css (8.2)

where c0 is varied but | and k (and thus css = |/k) are fixed. Beginning from
the initial state c0, the intracellular calcium concentration asymptotically
approaches css, either from above or below, with exponential time constant
⌧ = 1/k (Fig. 8.3, right). For initial conditions greater than the steady-state
value (c0 > css), solutions decrease over time and asymptotically approach
the steady state from above (c(t) # css as t ! 1). For initial conditions c0 <
css, solutions increase over time and asymptotically approach the steady
state from below (c(t) " css as t ! 1). When the initial condition is equal to
the steady-state value (c0 = css), the solution is constant, that is, c(t) = c0.
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ious initial conditions and the flow on the phase line. The solutions being
plotted are representatives of the single-parameter family of exponentially
relaxing functions

c = (c0 � css) e�kt + css (8.2)

where c0 is varied but | and k (and thus css = |/k) are fixed. Beginning from
the initial state c0, the intracellular calcium concentration asymptotically
approaches css, either from above or below, with exponential time constant
⌧ = 1/k (Fig. 8.3, right). For initial conditions greater than the steady-state
value (c0 > css), solutions decrease over time and asymptotically approach
the steady state from above (c(t) # css as t ! 1). For initial conditions c0 <
css, solutions increase over time and asymptotically approach the steady
state from below (c(t) " css as t ! 1). When the initial condition is equal to
the steady-state value (c0 = css), the solution is constant, that is, c(t) = c0.
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Figure 4.6 The characteristic time scale ⌧char of an exponential relaxation
c(t) = (c0 � css) e�kt + css is the exponential time constant ⌧ = 1/k.

Question 2: The characteristic time for changes in concentration

The analytical solution of our first compartmental model (Eq. 4.22) is an
exponential relaxation. To determine the characteristic time for changes
of c(t), we must calculate the ratio

⌧char =
max c(t) � min c(t)

max |c0(t)| =
|css � c0|
max |c0(t)| . (4.24)

As for the numerator, the di↵erence between the maximum and the mini-
mum value of c(t) the domain of interest (t � 0) is

max c(t) � min c(t) =
|css � c0|
max |c0(t)| . (4.25)

To calculate the denominator, max |c0(t)|, we di↵erentiate c(t),

c0(t) = [(c0 � css)e
�kt + css]

0 = (c0 � css)e
�kt (�k) = k(css � c0)e

�kt . (4.26)

Because e�kt is a positive decreasing function of time (t � 0), the maximum
absolute value of the rate of change in concentration is

max |c0(t)| = k |css � c0| e�k·0 == k |css � c0| .

The characteristic time of the exponential relaxation is thus

time ⌦ ⌧char =
|css � c0|
k|css � c0|

=
1

k
⌦ 1

1/time
.
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jin = |

jout = kout c

c

dc

dt
= jin � jout

dc

dt
= | � kout c

Figure 8.1 Single compartment open cell model of cytosolic calcium con-
centration. Arrows represent influx and e✏ux across the plasma membrane.

that intersects the vertical axis at | and intersects the horizontal axis at |/k
(Fig. 8.2).

The horizontal axis of the phase diagram graphically represents every
possible value—in a mathematical sense—of the independent variable of the
ODE (�1 < c < 1). However, some values of c are nonphysical (gray
region), because c is a concentration and therefore nonnegative (0  c <
1). For any state of the system—that is, for any particular value of c—
the phase diagram graphically represents the corresponding rate of change
dc/dt. The sign of dc/dt (negative, zero, or positive) determines whether the
compartment model, with cytosolic [Ca2+] given by any particular value of
c represented on the horizontal axis, has a balance of influx and e✏ux that
will cause c to decrease, remain unchanged, or increase.

Inspecting Fig. 8.2 we see that when the intercellular [Ca2+] is zero the
rate of change of the intercellular [Ca2+] is given by the influx rate |, because
dc/dt = | when c = 0. In fact, for all c < |/k, the blue line is above the
horizontal axis (dc/dt > 0). The rightward facing arrows on the phase line
indicate that the rate of change of intercellular [Ca2+] is positive on the
interval c 2 [0, |/k). When c > |/k, the line representing dc/dt is below the
horizontal axis (dc/dt < 0). The leftward facing arrows on the phase line
indicate that the rate of change of the intercellular [Ca2+] is negativeon the
interval c 2 (|/k, 1).

When c = |/k, the blue line intersects the horizontal axis, indicating that
the rate of change of the intercellular [Ca2+] is zero. Because dc/dt = 0 for
this particular value of intracellular [Ca2+], choosing the initial condition
c0 = |/k would lead to a constant solution c(t) = |/k. Such a solution
is referred to as a fixed point or steady state of the ODE compartmental
model. In the construction of the phase diagram, we label this important
point on the horiztonal axis with css (ss for steady state).

 large increase in j for very short time modeled as
initial calcium c0  that is greater than steady state css 
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dc

dt
= | � kc

c
css

|

slope =
�
k

|

k

c < 0

nonphysical

steady state
(stable)

Figure 6.1 The phase diagram of the single compartmental model (Chap-
ter 5). Arrows on the phase line indicate the flow of solutions toward the
stable steady state (css = |/k).

6.2 Phase diagram for the single compartment model

To introduce the phase diagram method, we return to the open cell model
of Fig. 3.6,

dccyt

dt
= jin � jout ccyt(0) = c0

cyt.

where c is the cytosolic calcium concentration (Fig. 3.6). Assuming the
plasma membrane influx rate is constant and the e✏ux rate is proportional
to the intracellular calcium concentration, we wrote the corresponding ODE
initial value problem in Chapter ??,

dc

dt
= | � kc c(0) = c0. (6.1)

The phase diagram for this model (Eq. 6.1) is a graph with the independent
variable c on the horizontal axis and the rate of change dc/dt = |�kc on the
vertical axis (Fig. 6.1). The phase diagram of Eq. 6.1 is a plot of the right
hand side of the ODE, that is, a straight line f(c) = | � kc that intersects
the vertical axis at | and intersects the horizontal axis at |/k. The horizontal
axis of the phase diagram graphically represents every possible value—in a
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et al., 2005; Mills and Nithi, 1997; Moldovan et al., 2012; Pieri et al.,
2003a, 2009; Tamura et al., 2006; van Zundert et al., 2008; Vucic
et al., 2008). In particular, a higher number of action potentials in
response to membrane depolarization have been reported in the
ALS model (Carunchio et al., 2010; Kuo et al., 2005; Pieri et al.,
2009). Altered kinetic properties of the fast transient sodium channel
(Zona et al., 2006), and an increased amount of persistent sodium
current previously reported (Pieri et al., 2009), may both contribute
to hyperexcitability, strongly indicating the involvement of voltage-
gated channels in ALS pathology.

Neuronal hyperexcitabilitymay contribute to neuronal excitotoxicity.
Calcium enters neurons during each action potential through VGCCs.

Thus, neurons with an increased number of action potentials reach a
higher calcium concentration per unit of input, which may activate toxic
pathways (Powers and Binder, 2001). In addition to hyperexcitability,
the higher density of calcium channels that we report in this study
contributes further to an increased amount of calcium entering the cells
followingmembrane depolarization. In fact, both electrophysiological ex-
periments and microfluorimetric measurements reported in this paper,
show that a significantly higher amount of calcium ions enter through
the membrane in G93A neurons following membrane depolarization. It
is interesting to note that, although the amount of calcium ion which
enters is greater in G93A neurons, the time of recovery to base line level
is not significantly different between Control and G93A neurons. Since

Fig. 5. Intracellular Ca2+ accumulation following neuronal depolarization. A — Representative [Ca2+]i variations in 9 DIV Control and G93A cortical neurons following membrane
depolarization from−60 to 0 mV (1.5 s), preceded by a 200 ms hyperpolarization to−80 mV (see inset). The return to base line level of the intracellular calcium concentration is fitted
(dashed line) with a single exponential equation: y=y0+Ae−x/τ where y0 is the base line calcium concentration, A is the maximum amplitude of calcium concentration following
membrane depolarization, and τ the time constant. B — Decay time values (τ; scattered dots) of the [Ca2+]i signals whose means show no significant difference between Control
(9.6±0.9 s; n=11) and G93A neurons (9.3±1.1 s; n=12; p>0.05). C — Means of net calcium entry, calculated as the difference between peak and base line calcium concentration,
in Control (118.3±14.3 nM, n=11) and G93A (178.5±23.5 nM; n=12) neurons (pb0.05, independent Student t test). Scattered dots represent values of net calcium entry for each
neuron. D — Means of the areas below the transient [Ca2+]i signals fitted by exponential curves in Control and G93A neurons whose means are significantly different (pb0.02).

Fig. 6. Cellular viability. A — Quantitative analysis of the effects of membrane depolarization on cortical cell survival induced by 25 mM external K+ concentration (K25). No
significant difference is observed after 1 h exposure to K25. B — A significant cell death is observed after 5 h exposure to K25, both in Control (79.1±1.8 viable cell %; n=13)
and G93A (66.4±2.5 viable cell %; n=12) cultures. Interestingly, in K25 condition, G93A viable cells are significantly reduced compared to those of Control. ωCg tx (1 μM), the
selective blocker of the N-type calcium channels, added to the bath solution, is able to remove the significant higher mortality in G93A (77.8±3.9 viable cell %; n=14) cultures
compared to Control (85.5±1.9 viable cell %; n=12; p>0.05). Asterisk (*) represents statistically significant changes compared to control conditions (K3) (pb0.05); hash (#)
represents statistically significant changes compared to Control K25 (pb0.01); circle (●) compared to Control K25+ωCg tx (pb0.01); dollar ($) compared to G93A K25+ωCg
tx (pb0.05) (one-way ANOVA followed by Bonferroni's test). C — The co-incubation with ωAGA tx (0.5 μM), the selective blocker of P/Q 23 type channel, is not able to reduce
the greater G93A (K25: 61.2±4.2 viable cell %; n=11; K25+ωAGA tx: 65.5±2.3 viable cell %; n=12) cellular death, still significantly higher compared to that of Control
(K25: 77.3±1.3 viable cell %; n=9; K25+ωAGA tx: 82.3±2.1 viable cell %; n=9). Asterisk (*) represents statistically significant changes compared to control conditions (K3)
(pb0.05); hash (#) represents statistically significant changes compared to Control K25 (pb0.01); circle (●) compared to Control K25+ωAGA tx (pb0.01); delta (Δ) compared
to Control K25+ωAGA tx (pb0.01) (one-way ANOVA followed by Bonferroni's test).
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Voltage-gated Ca2+ channels (VGCCs) mediate calcium entry into neuronal cells in response to membrane
depolarisation and play an essential role in a variety of physiological processes. In Amyotrophic Lateral Sclerosis
(ALS), a fatal neurodegenerative disease caused by motor neuron degeneration in the brain and spinal cord,
intracellular calcium dysregulation has been shown, while no studies have been carried out on VGCCs. Here
we show that the subtype N-type Ca2+ channels are over expressed in G93A cultured cortical neurons and in
motor cortex of G93Amice compared to Controls. In fact, bywestern blotting, immunocytochemical and electro-
physiological experiments, we observe higher membrane expression of N-type Ca2+ channels in G93A neurons
compared to Controls. G93A cortical neurons filled with calcium-sensitive dye Fura-2, show a net calcium entry
during membrane depolarization that is significantly higher compared to Control. Analysis of neuronal vitality
following the exposure of neurons to a high K+ concentration (25 mM, 5 h), shows a significant reduction of
G93A cellular survival compared to Controls. N-type channels are involved in the G93A highermortality because
ω-conotoxin GVIA (1 μM), which selectively blocks these channels, is able to abolish the higher G93A mortality
when added to the external medium.
These data provide robust evidence for an excess of N-type Ca2+ expression in G93A cortical neurons which
induces a higher mortality following membrane depolarization. These results may be central to the understand-
ing of pathogenic pathways inALS and provide novelmolecular targets for the design of rational therapies for the
ALS disorder.

© 2012 Elsevier Inc. All rights reserved.

Introduction

The precise molecular pathways leading to motor neuron injury
and cell death in Amyotrophic Lateral Sclerosis (ALS) remain not
understood. Approximately 90% of cases occur sporadically (sALS).
In the remaining cases, the disease is inherited in an autosomal dom-
inant manner (fALS). The causes of both sporadic and familial form of
ALS are still unknown. The two forms are clinically and pathological-
ly similar, which suggests a common pathogenesis (Gruzman et al.,
2007). Among the fALS cases, a subset of these is a resultant of dom-
inantly inherited mutations in the gene encoding Cu, Zn superoxide
dismutase (SOD1). More than 130 different mutations in the SOD1
enzyme have been identified, all essentially retaining full activity
(Pasinelli and Brown, 2006; Wroe et al., 2008). These mutations
are predominantly single amino acid replacements seemingly random-
ly scattered throughout the structure of this homodimeric 32 kDa

metalloprotein. The discovery of SOD1mutations in fALS was promptly
followed by the generation of transgenic mice constitutively expressing
mutant SOD1 genes (Gurney et al., 1994). Transgenic G93A mice (Gly
93→Ala) are the best characterized and the most utilized in ALS re-
search (Turner and Talbot, 2008).

Several different detrimental processes have been identified during
the disease course in ALS. Among these are: protein misfolding and
aggregation (Billups and Forsythe, 2002; Vance et al., 2009), production
of reactive oxygen species (Bergmann and Keller, 2004), altered neuro-
nal excitability (Carunchio et al., 2010; Kuo et al., 2005; Pieri et al., 2009;
Zona et al., 2006), disruption of mitochondrial function (Liu and
Wong-Riley, 2004; von Lewinski and Keller, 2005), AMPA-mediated
excitotoxicity (Pieri et al., 2003b; Spalloni et al., 2004; Van Den Bosch
et al., 2006; Weiss and Sensi, 2000), deregulation of Ca2+ homeostasis
(Budd and Nicholls, 1996; Guatteo et al., 2007), altered functionality
of voltage-dependent Na+ channels (Kuo et al., 2005; Zona et al.,
2006) and of glial glutamate transporter (Foran et al., 2011). Although
the involvement of each of these factors has been well established,
their temporal and spatial interplay remains elusive. The common
final pathway of neuronal death appears, however, to be related to
excitotoxicity due to chronic deregulation of the intracellular calcium
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G93A transgenic mice are an experimental model of an inherited form of ALS 
with a Glu-to-Ala mutation in SOD1 (the gene encoding Cu, Zn superoxide 
dismutase).  Depolarization activates VGCCs (N-type calcium channels) 
leading to an increase in intracellular calcium concentration that subsequently 
exponentially relaxes to resting values.  G93A mice have more influx than 
Control, but similar efflux properties (the exponential time constant does 
not change).  Conclusion: SOD1 mutation disregulates intracellular 
calcium by changing properties of VGCCs as opposed to plasma 
membrane calcium ATPases (PMCA).
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ical dimensions of the quantity that is bracketed, we would indicate this
requirement in the following way,

dm

dt
= ↵m ) [m]

[t]
= [↵][m] ) [↵] =

1

[t]
=

1

time
.

On the other hand, this analysis does not constrain the physical dimensions
of the dependent variable m. The bacterial population can be quantified in
any manner we wish, but of course the initial condition must be specified in
the same manner,

m(0) = m0 ) [m] = [m0].

This requirement as well as the reciprocal physical dimensions of ↵ and time
can also be observed through dimensional analysis of the solution

m = m0 exp(↵t) ) [m] = [m0] [exp(↵t)]| {z }
1

) [↵][t] = 1

where 1 indicates a dimensionless quantity.

4.5 Exponential decay and half-life

In this text we will encounter exponential decay more often than exponential
growth. ODE initial value problems leading to exponential decay will often
be written in the following manner,

dx

dt
= �kx x(0) = x0 (t � 0) (4.12)

where the rate constant k is positive (k > 0). This equation is identical
to Eq. 4.7 with the replacements x $ m and �k $ ↵; consequently, the
solution is given by Eq. 4.8 with these replacements,

x(t) = x0e
�kt. (4.13)

When visualizing this solution, remember limt!1 e�kt = 0 when k > 0
and thus x(t) = x0e�kt is a decreasing function of time. The exponential
function asymptotically approaches the horizontal axis when plotted in the
(t, x)-plane.
It is helpful to present a mathematical model (and its solutions) using

parameters may be assumed to be positive but are otherwise arbitrary (as
in Eqs. 4.12 and 4.13). This leads to clarity, because the sign of each term
is easily determined when one knows the parameters are positive. This also
makes it easier to visualize qualitatively correct dynamics and helps one
understand the physical significance of an equation.
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ODEs are often written with the understanding 
that certain parameters are positive

knowing k is positive 
makes it clear 

that x is decaying
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Figure 4.5 Left: The half life of the exponential decay x(t) = x0e�kt is
⌧1/2 = log 2/k, the time for x(t) to decay to half the inital value x(0) = x0.
Right: The exponential time constant ⌧ = 1/k is the time to decay to x0/e.

The relationship between the rate constant k > 0 and the exponentially
decaying function x(t) = x0e�kt may be explored by calculating the half
life of the exponential decay. Denoting the half-life by ⌧1/2, we may equate
x(⌧1/2) with the initial value x0 divided by two (Fig. 4.5),

x(⌧1/2) = x0/2, (4.14)

in fact, this is the definition of ⌧1/2. Remembering properties of the natural
logarithm such as log 1 = 0, log (ab) = log a + log b, � log (a/b) = log (b/a),
we may express ⌧1/2 in terms of k,

x0 exp
�
�k⌧1/2

�
= x0/2

exp
�
�k⌧1/2

�
= 1/2

�k⌧1/2 = log 1/2

k⌧1/2 = log 2

time ⌦ ⌧1/2 =
log 2

k
⌦ 1

1/time
(4.15)

Note that ⌧1/2 ⌦ time because it is proportional to the reciprocal of the rate
constant k ⌦ 1/time.

4.6 Exponential time constant

Often we will speak of an exponential time constant ⌧ rather than half-
life. Just as ⌧1/2 is the time for an exponentially decaying quantity to become
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The relationship between the rate constant k > 0 and the exponentially
decaying function x(t) = x0e�kt may be explored by calculating the half
life of the exponential decay. Denoting the half-life by ⌧1/2, we may equate
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Note that ⌧1/2 ⌦ time because it is proportional to the reciprocal of the rate
constant k ⌦ 1/time.

4.6 Exponential time constant

Often we will speak of an exponential time constant ⌧ rather than half-
life. Just as ⌧1/2 is the time for an exponentially decaying quantity to become

What is the half life in terms of rate constant k ?
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Figure 4.8 The characteristic time scale ⌧char of the exponential decay
x(t) = x0e�t/⌧ is the exponential time constant ⌧ (Eq. 4.21).

The characteristic time for a decreasing exponential relaxation is given by
the exponential time constant (see Fig. 4.8).

4.7 Exponential relaxation

The dynamics of biological systems are often well-represented by a function
of the form,

x(t) = (x0 � x1) e�t/⌧ + x1 (4.22)

where x0, x1 and ⌧ > 0 are three parameters. Fig. 4.9 (left) plots this
function under the assumption that x0 > x1 > 0 and t � 0. The constant
x0 is the initial value (t = 0), x1 is value that is obtained as t ! 1
(hence the subscript), and ⌧ is the exponential time constant. Eq. 4.22 is an
exponential decay, but unlike the cases we have encountered previously, the
asymptotic value of x(t) as t ! 1 need not be zero. The quantity that is
decaying away is not x(t) but x(t) � x1, that is, the factor suppressed by
the decreasing exponential e�t/⌧ is (x0 � x1).
Fig. 4.9 (right) plots the function Eq. 4.22 under the assumption that

x0 < x1. Here x(t) is monotone increasing, but it is certainly not an example
of exponential growth, because the rate of increase x0(t) is a decreasing
function of time and x(t) ! x1 as t ! 1, di↵erent than the unbounded
behavior of exponential growth (x(t) ! 1 as t ! 1).
Both the increasing and decreasing functions of Fig. 4.9 are examples

of exponential relaxation. Regardless of whether the initial value x0 is
greater or less than x1, x(t) is exponentially relaxing to this asymptotic
value. When x0 > x1 the exponentially decaying quantity (x0 � x1) is
positive and x(t) is decreasing. When x0 < x1 the exponentially decaying
quantity (x0 � x1) is negative and x(t) is increasing. Fig. 4.10 shows how



The exponential time constant is the time required 
for the decaying quantity to decrease by a factor of e
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x(t) = x0e�kt
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x(t̂) x(t̂+ ⌧) = x(t̂)/e

x(t̂)/e
⌧

t̂ t̂+ ⌧

Figure 4.6 The exponential time constant ⌧ is the time required for x to
decrease by a factor of e. Using this fact one can estimate the time constant
⌧ from a graph of an exponential function. Top panel: between time t = 0
to ⌧ the dependent variable x decreases from x0 to x0/e. Bottom panel:
Top panel: between time t = t̂ to t̂+ ⌧ , x decreases from x(t̂) to x(t̂)/e.

x(t) = x0e�t/⌧

t

increasing x0

x(t) = x0e�t/⌧

t

increasing ⌧

Figure 4.7 Left: Exponentially decaying functions with the same time con-
stant ⌧ and di↵erent initial conditions x0. Right: Exponentially decaying
functions with the same initial conditions x0 and di↵erent time constants ⌧ .

The supremum of |x0(t)| on the interval [0,1) occurs at t = 0,

sup |x0(t)| = |x0(0)| = |� (x0/⌧) e
�0/⌧
| {z }

1

| = x0/⌧.

Substituting these results into the definition of the characteristic time (Eq. 2.12)
gives

⌧char =
x0 � 0

x0/⌧
= ⌧. (4.21)

same answer 
regardless 

of where you start



These two ODE models that are equivalent, 
but each highlights different aspects 

exponential rate 
constant of decay

exponential time 
constant of decay 

growth rate steady state value



The version of the model with steady state and time constant
makes clear the answer to “What exactly is decaying away?”
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t

x(t) = (x0 � x1) e�t/⌧ + x1

(x0 > x1)
x0 � x1| {z }

(+)

⌧

(x0 � x1)/e| {z }
(+)

t

x(t) = (x0 � x1) e�t/⌧ + x1

(x0 < x1)

x0 � x1| {z }
(�)

⌧

(x0 � x1)/e| {z }
(�)

Figure 4.9 Exponential relaxation when the initial value x0 is greater or
less than the asymptotic value (x1). In both cases the exponential time
constant ⌧ is the time required for the deviation from the asymptotic value
to decay e-fold.

the exponential relaxation Eq. 4.22 changes with di↵erent initial conditions
(x0) and exponential time constants (⌧). The relaxation is fast when ⌧ is
small and slow when ⌧ is large, because ⌧ is a time constant. Conversely, the
exponential relaxation x(t) = (x0 � x1) e�kt + x1 is slow when k is small
and fast when k is large, because k is a rate constant.
It is natural to wonder what ODE initial value problem is solved by an

exponential relaxation such as Eq. 4.22. The answer may be easily derived by
noticing that Eq. 4.22 is equivalent to Eq. 4.20 up to a shift of the dependent
variable,

x = (x0 � x1) e�t/⌧ + x1 ) x� x1 = (x0 � x1) e�t/⌧ ) x̂ = x̂0e
�t/⌧

where in the last step we choose x̂ = x� x1 and x̂0 = x0 � x1. The ODE
initial value problem solved by Eq. 4.22 is found by applying this same
change of variables to Eq. 4.19,

dx̂

dt
= �x̂/⌧ x̂(0) = x̂0

d

dt
(x� x1) = �(x� x1)/⌧ x(0)� x1 = x0 � x1

dx

dt
= �(x� x1)/⌧ x(0) = x0 (4.23)

where in the last step we used the fact that x1 is constant and thus
dx1/dt = 0. In subsequent chapters we will often encounter ODEs that
have the form of Eq. 4.23.

The 
deviation of x 
from the 
steady-state 
value x∞
is what is 
decaying 
away



Nernst equilibrium potentials

194

membrane
potential

(mV)

�150 �100 �50 0 50 100 150

EK ⇡ �90 mV

[K+]o
[K+]i

⇡ 1

40

ECl ⇡ �85 mV

[Cl�]o
[Cl�]i

⇡ 30

ENa ⇡ +60 mV

[Na+]o
[Na+]i

⇡ 12

ECa ⇡ +115 mV

[Ca2+]o
[Ca2+]i

⇡ 104

Figure 10.4 Approximate ionic ratios and resulting Nernst equilibrium po-
tentials (see Eqs. 10.7–10.10).

similar to Eq. 10.6 gives 26.7 mV when T = 37 �C (body temperature, see
Exercise 2).

Four important Nernst equilibrium potentials

Assuming that homeostatic mechanisms maintain ionic concentration gra-
dients in living cells (see Table 10.2, the Nernst equilibrium potentials for
potassium, sodium, chloride and calcium will be constant. Fig. 10.4 shows
approximate values for these four important Nernst equilibrium potentials
ordered on a horizontal axis with units of mV. These estimates use the
Nernst equation, the above-mentioned value of 25 mV for RT/F , and an
easy-to-remember dimensionless concentration ratios (extracellular over in-
tercellular). For example, using [K+]o/[K+]i ⇡ 1/40, we find

EK =
RT

zKF
log

[K+]o
[K+]i

= 25 mV · log
1

40| {z }
�3.69

⇡ �90 mV. (10.7)

Similar calculations for sodium, chloride and calcium are

ENa =
RT

zNaF
log

[Na+]o
[Na+]i

= 25 mV · log 12| {z }
2.48

⇡ +60 mV (10.8)

ECl =
RT

zClF
log

[Cl�]o
[Cl�]i

= �25 mV · log 30| {z }
3.40

⇡ �85 mV (10.9)
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mitochondrial matrix

�mito = �250 mV

[Ca2+]mito = 100 nM

endoplasmic reticulum / Ca2+ store

�ER = �65 mV

[Ca2+]ER = 500 µM

extracellular space, �ext = 0 mV, [Ca2+]ext = 2 mM

cytoplasm

�cyt = �65 mV

[Ca2+]cyt = 100 nM

Figure 10.2 The electrical potential and ionic concentrations in various
membrane-delimited cellular compartments. The electrical potential dif-
ference between the interior and exterior of a cell is primarily due to the
potassium concentration di↵erences inside and out, and the fact that resting
membranes are permeable to potassium (see Fig. 10.3). The concentration
of intercellular calcium is emphasized because of the importance of calcium
to neuronal signaling.

the cell nucleus, liposomes, and so on. This diagram is highly schematic and
should not be interpreted as indicating the spatial organization of mitochon-
drial and ER membranes.

As schematized in Fig. 10.2, it is common to use
The cytosolic electrical potential is typically be about 65 millivolts more

negative than the extracellular space. It is common to use the extracellu-
lar space as a reference potential (�ext = 0 mV).?? When this is done, the
cytosolic potential is �cyt = ��pm + �ext ⇡ �65 mV. As mentioned above,
the electrical potential of the ER is equal to the cytosol (�er = �cyt); conse-
quently, there is no electrical potential di↵erence across the ER membrane
(��er = �er � �cyt = 0 mV). Fig. 10.2 shows an electrical potential di↵er-
ence across the inner mitochondrial membrane of ��mito = �mito � �cyt =
�250 mV � (�65 mV) = �185 mV. Because electrical potential di↵erences

electrical potentials



The cell plasma membrane is selectively 
permeable to physiological ions.  This selective 
permeability is responsible for potential 
differences between the cell interior and the 
extracellular space.  
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�cyt

�ext

��pm = �cyt � �ext ⇡ �65 mV

+�
+�
+�
+�
+�
+�
+�
+�
+�
+�
+�
+�conducting solution

inside cell
conducting solution

outside cell

cell membrane
non-conducting

uncompensated
charge

Figure 10.1 The cell plasma membrane is composed of a non-conducting
lipid bilayer that may separate uncompensated charges inside and outside
the cell. Adapted from Fig. 3.1b of ?.

various compartments is related to the selective permeability of membranes
to di↵erent ions. The electrical potential di↵erence between the interior and
exterior of a cell—the subject of this chapter—is primarily due to the potas-
sium concentration di↵erence inside and out, and the fact that the resting
plasma membrane is permeable to potassium.1

We will write �cyt to denote the electrical potential of the cytosol, and
�ext for the electrical potential of the extracellular space (see Fig. 10.1).2

The membrane potential, i.e., the electrical potential di↵erence across
the cell plasma membrane, is the di↵erence between these quantities,

��pm = �cyt � �ext.

Because the electrical potential within the cell is typically lower than the
electrical potential outside the cell (�cyt < �ext), the membrane potential is
usually negative (��pm < 0). Indeed, the membrane potential of quiescent
(resting) neurons is usually about �65 millivolts (��pm ⇡ �65 mV).3

Fig. 10.2 shows electrical potentials typical for the intercellular space (cy-
tosol), the lumen of the endoplasmic reticulum (ER), and the cellular com-
partment within the inner mitochondrial membrane (i.e., the mitochondrial
matrix), each expressed relative to the electrical potential of the extracellu-
lar space.4 For clarity, numerous cellular organelles are not shown, including

transmembrane potential 
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Figure 10.3 Electrical potential di↵erence across the cell plasma membrane
is due to the selective permeability of potassium ions. Font sizes of K+ and
Cl+ indicate that the left side of the chamber has higher concentration of
potassium and chloride ions than the right side. At equilibrium (top right),
the electrical potential di↵erence between the right and left compartments
is given by the Nernst reversal potential for potassium (�� = �R � �L =
EK). The electrical potential on the right side of the compartment is greater
than the left (�L < �R) and thus �� = EK < 0. Adapted from Hille (2001).



V = φin − φout EK =
RT

zF
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[K+]in
Nernst equilibrium potential

V = EKWhen no net current
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is due to the selective permeability of potassium ions. Font sizes of K+ and
Cl+ indicate that the left side of the chamber has higher concentration of
potassium and chloride ions than the right side. At equilibrium (top right),
the electrical potential di↵erence between the right and left compartments
is given by the Nernst reversal potential for potassium (�� = �R � �L =
EK). The electrical potential on the right side of the compartment is greater
than the left (�L < �R) and thus �� = EK < 0. Adapted from Hille (2001).
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Ion [S]o [S]i ES (mV)
S (mM) (mM) 21�C 37�C

K+ 4 155 �93.0 �98.1
Na+ 145 12 +63.4 +66.8
Ca2+ 1.5 10�4 +112 +118
Cl� 123 4.2 �85.9 �90.1

Table 10.2 Representative ionic concentrations and resulting Nernst
equilibrium potentials in living cells. Adapted from Hille (2001).

joule is a coulomb-volt and thus J/C = V,

EK =
(8.3145 J⇠⇠⇠⇠

mol�1
�

��K�1)(273.15K + 21K)

�
��(+1)(9.6485 ⇥ 104 C⇠⇠⇠⇠

mol�1)
log

4�
��mM

155�
��mM

=
(8.3145)(294.15)

(9.6485 ⇥ 104)

J

C
log

4

155
= 0.02543 V · (�3.657)

= 25.43 mV · (�3.657) = �93.00 mV.

We conclude that the Nernst reversal potential for potassium is about EK ⇡
�90 mV (an easy-to-remember approximate value).

Both the valence zK and the concentration ratio [K+]o/[K+]i that occur in
the Nernst equation (Eq. 10.4) are dimensionless. Consequently, the physical
dimensions of RT/F must be that of electrical potential (voltage). This may
be confirmed by the following analysis of physical dimensions:

RT

F
⌦

energy

amount · temp
· temp

charge/amount
=

energy

charge
= voltage.

Because the quantity RT/F occurs in the Nernst equation and others that
are relevant to cellular biophysics, let us calculate its value and commit this
to memory. For example, if we take room temperature to be 21�C, we find

RT

F
=

8.3145CVK�1 · (273.15K + 21K)

9.6485 ⇥ 104 Cmol�1
= 0.02543V. (10.6)

For convenience, we might choose to memorize the approximate value of

RT

F
⇡ 25 mV .

Of course, we recognize that the value of RT/F depends (in a linear fashion)
on the absolute temperature in degrees Kelvin. For example, a calculation

EK =
RT

zF
ln

[K+]out

[K+]in

typical concentrations of 
physiological ions 

Nernst equilibrium potential
for potassium?



EK = RT
zF

ln [K+]o

[K+]i
=

(8.3145 C V
mol K) (310 K)

(+1)(9.6485 − 104 C
mol)

ln [ 4 mM
155 mM ]

calculating EK



EK = RT
zF

ln [K+]o

[K+]i
=

(8.3145 C V
mol K) (310 K)

(+1)(9.6485 − 104 C
mol)

ln [ 4 mM
155 mM ]

calculating EK

0.0267 V {
26.7 mV

{

ln(0.0258)
≈3.657{EK = (26.7 mV)(≈3.657)

EK = ≈ 97.64 mV
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Name Symbol Value

Avagodro’s number N 6.02 ⇥ 1021 mol�1

Boltzmann’s constant kB 1.3807 ⇥ 10�23 J K�1

Gas constant R = NkB 8.3145 J mol�1 K�1

Elementary charge q 1.6022 ⇥ 10�19 C
Faraday’s constant F = Nq 9.6485 ⇥ 104 C mol�1

Table 10.1 Physical constants that are particularly relevant to cellular
biophysics.

comes selectively permeable to potassium. That is, the membrane (vertical
dashed line) is permeable to potassium but impermeable to chloride. Potas-
sium is now able to di↵use through the membrane from high to low concen-
tration (down its concentration gradient). However, because the negatively
charged chloride ions (Cl�) cannot cross the membrane along with posi-
tively charged potassium ions (K+), the di↵usion of potassium ions from
left to right increases the electrical potential on the right relative to the left
(�L < �R). This process continues until a thermodynamic equilibrium is
reached.

Fig. 10.3 (top right) shows the equilibrium situation in which the electrical
potential of the right compartment is high enough that the tendency for
potassium ions to move down their concentration gradient (left to right)
is balanced by the tendency of positively charged potassium ions to move
from high to low electrical potential (right to left). The electrical potential
di↵erence leading to this balance is referred to as the Nernst equilibrium
potential for potassium1 and is denoted EK.

The thought experiment of Fig. 10.3 provides important qualitative infor-
mation about the Nernst equilibrium potential for potassium. At equilibrium
there will be more positive charge associated with the right chamber and,
consequently, the electrical potential on the right side of the compartment is
greater than the left (�R > �L). Thus, the Nernst equilibrium potential for
potassium is negative (�� = �L � �R = EK < 0). The next section shows
how the quantitative value of Nernst equilibrium potential is related to the
potassium chloride concentrations initially chosen for the two sides of the
chamber.



RT

F
≈ 25 mV at room temperature
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on the absolute temperature in degrees Kelvin. For example, a calculation
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Figure 10.4 Approximate ionic ratios and resulting Nernst equilibrium po-
tentials (see Eqs. 10.7–10.10).

similar to Eq. 10.6 gives 26.7 mV when T = 37 �C (body temperature, see
Exercise 2).

Four important Nernst equilibrium potentials

Assuming that homeostatic mechanisms maintain ionic concentration gra-
dients in living cells (see Table 10.2, the Nernst equilibrium potentials for
potassium, sodium, chloride and calcium will be constant. Fig. 10.4 shows
approximate values for these four important Nernst equilibrium potentials
ordered on a horizontal axis with units of mV. These estimates use the
Nernst equation, the above-mentioned value of 25 mV for RT/F , and an
easy-to-remember dimensionless concentration ratios (extracellular over in-
tercellular). For example, using [K+]o/[K+]i ⇡ 1/40, we find

EK =
RT

zKF
log

[K+]o
[K+]i

= 25 mV · log
1

40| {z }
�3.69

⇡ �90 mV. (10.7)

Similar calculations for sodium, chloride and calcium are

ENa =
RT

zNaF
log

[Na+]o
[Na+]i

= 25 mV · log 12| {z }
2.48

⇡ +60 mV (10.8)

ECl =
RT

zClF
log

[Cl�]o
[Cl�]i

= �25 mV · log 30| {z }
3.40

⇡ �85 mV (10.9)

memorize these Nernst potentials
(approximate values)



selective ion permeability of the plasma membrane 
leads to a transmembrane potential (i.e., voltage)

1

Nernst potential equals the membrane voltage at which 
there is no net flux (no current) of the permeant ion 

2

 mV at room temp,  mV at 
physiological  temperature

RT
F − 25 RT

F − 27
3

neuronal resting membrane potential is largely due to
K+ permeability of the plasma membrane

4
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Two-pore domain K+ channels regulate membrane
potential of isolated human articular chondrocytes

Robert B. Clark, Colleen Kondo, Darrell D. Belke and Wayne R. Giles

Roger Jackson Centre for Health and Wellness Research, Faculty of Kinesiology, University of Calgary, Calgary, Alberta, Canada T2N 4N1

Non-technical summary The debilitating condition of arthritis is caused by degeneration of the
cartilage, a tissue that allows almost frictionless motion between the ends of bones in articulating
joints such as the knee. The integrity of the cartilage is maintained by the metabolic activity of
chondrocytes, the only type of cell found within the cartilage. An important factor in regulating
the rate of metabolic activity of the chondrocytes is thought to be the magnitude of the electrical
potential difference across the cell membrane, i.e. the ‘membrane potential’. This study identifies
a type of ion channel, a so-called ‘two-pore potassium channel’, which was not previously known
to be expressed in human chondrocytes. This ion channel importantly contributes to controlling
chondrocyte membrane potential. Elucidation of the factors that control chondrocyte membrane
potential is important for understanding the normal and pathophysiology of the chondrocytes,
and consequently the health of the cartilage.

Abstract Potassium channels that regulate resting membrane potential (RMP) of human articular
chondrocytes (HACs) of the tibial joint maintained in short-term (0–3 days) non-confluent
cell culture were studied using patch-clamp techniques. Quantitative PCR showed that trans-
cripts of genes for two-pore domain K+ channels (KCNK1, KCNK5 and KCNK6), and ‘BK’
Ca2+-activated K+ channels (KCNMA1) were abundantly expressed. Immunocytological methods
detected α-subunits for BK and K2p5.1 (TASK-2) K+ channels. Electrophysiological recordings
identified three distinct K+ currents in isolated HACs: (i) a voltage- and time-dependent ‘delayed
rectifier’, blocked by 100 nM α-dendrotoxin, (ii) a large ‘noisy’ voltage-dependent current that was
blocked by low concentrations of tetraethylammonium (TEA; 50% blocking dose = 0.15 mM) and
iberiotoxin (52% block, 100 nM) and (iii) a voltage-independent ‘background’ K+ current that was
blocked by acidic pH (5.5–6), was increased by alkaline pH (8.5), and was not blocked by TEA, but
was blocked by the local anaesthetic bupivacaine (0.25 mM). The RMP of isolated HACs was very
slightly affected by 5 mM TEA, which was sufficient to block both voltage-dependent K+ currents,
suggesting that these currents probably contributed little to maintaining RMP under ‘resting’
conditions (i.e. low internal [Ca2+]). Increases in external K+ concentration depolarized HACs
by 30 mV in response to a 10-fold increase in [K+], indicating a significant but not exclusive role
for K+ current in determining RMP. Increases in external [K+] in voltage-clamped HACs revealed
a voltage-independent K+ current whose inward current magnitude increased with external [K+].
Block of this current by bupivacaine (0.25–1 mM) in 5 and 25 mM external [K+] resulted in a
large (8–25 mV) depolarization of RMP. The biophysical and pharmacological properties of the
background K+ current, together with expression of mRNA and α-subunit protein for TASK-2,
strongly suggest that these two-pore domain K+ channels contribute significantly to stabilizing
the RMP of HACs.
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Abbreviations: AC, articular chondrocyte; ECM, extracellular matrix; HAC, human articular chondrocyte; RMP,
resting membrane potential.
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potential difference across the cell membrane, i.e. the ‘membrane potential’. This study identifies
a type of ion channel, a so-called ‘two-pore potassium channel’, which was not previously known
to be expressed in human chondrocytes. This ion channel importantly contributes to controlling
chondrocyte membrane potential. Elucidation of the factors that control chondrocyte membrane
potential is important for understanding the normal and pathophysiology of the chondrocytes,
and consequently the health of the cartilage.

Abstract Potassium channels that regulate resting membrane potential (RMP) of human articular
chondrocytes (HACs) of the tibial joint maintained in short-term (0–3 days) non-confluent
cell culture were studied using patch-clamp techniques. Quantitative PCR showed that trans-
cripts of genes for two-pore domain K+ channels (KCNK1, KCNK5 and KCNK6), and ‘BK’
Ca2+-activated K+ channels (KCNMA1) were abundantly expressed. Immunocytological methods
detected α-subunits for BK and K2p5.1 (TASK-2) K+ channels. Electrophysiological recordings
identified three distinct K+ currents in isolated HACs: (i) a voltage- and time-dependent ‘delayed
rectifier’, blocked by 100 nM α-dendrotoxin, (ii) a large ‘noisy’ voltage-dependent current that was
blocked by low concentrations of tetraethylammonium (TEA; 50% blocking dose = 0.15 mM) and
iberiotoxin (52% block, 100 nM) and (iii) a voltage-independent ‘background’ K+ current that was
blocked by acidic pH (5.5–6), was increased by alkaline pH (8.5), and was not blocked by TEA, but
was blocked by the local anaesthetic bupivacaine (0.25 mM). The RMP of isolated HACs was very
slightly affected by 5 mM TEA, which was sufficient to block both voltage-dependent K+ currents,
suggesting that these currents probably contributed little to maintaining RMP under ‘resting’
conditions (i.e. low internal [Ca2+]). Increases in external K+ concentration depolarized HACs
by 30 mV in response to a 10-fold increase in [K+], indicating a significant but not exclusive role
for K+ current in determining RMP. Increases in external [K+] in voltage-clamped HACs revealed
a voltage-independent K+ current whose inward current magnitude increased with external [K+].
Block of this current by bupivacaine (0.25–1 mM) in 5 and 25 mM external [K+] resulted in a
large (8–25 mV) depolarization of RMP. The biophysical and pharmacological properties of the
background K+ current, together with expression of mRNA and α-subunit protein for TASK-2,
strongly suggest that these two-pore domain K+ channels contribute significantly to stabilizing
the RMP of HACs.
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where GK is maximal conductance, EK is the Nernst
potential (fixed at –83 mV, based on intracellular and
extracellular K+ concentrations), V h is the potential
for half-activation of the conductance, and Sh is a
membrane potential sensitivity factor. Values of the
parameters of the ‘best-fit’ line were GK = 28.9 pS pF−1,
V h = –26.7 mV and Sh = 4.1 mV. This equation indicates
that on average the α-DTX-sensitive conductance began
to activate near –40 mV, and was fully activated by about
0 mV.

Resting membrane potential of HACs

Previous studies have shown that the RMP of dog (Wilson
et al. 2004), rat (Ponce, 2006) and neonatal mouse
(Clark et al. 2010) articular chondrocytes is at least
partly regulated by delayed rectifier K+ currents. The
possible involvement of delayed rectifier in contributing
to RMP of HACs was tested by blocking this current
with solutions containing TEA or TEA/α-DTX. Figure 5A
shows an example of the effects of 5 mM TEA/100 nM

Figure 5. RMP of HACs
A, effect of 5 mM TEA and 100 nM α-DTX on membrane currents and RMP of a HAC. I–V relations produced by a
ramp voltage-clamp protocol are shown before (Control; continuous line) and after exposure to 5 mM TEA/100 nM

α-DTX (dashed line). Note complete inhibition of delayed rectifier and BK currents. Inset shows a continuous
recording of RMP of the same cell when exposed to 5 mM K+ solution with 5 mM TEA/100 nM α-DTX, or solution
without these blockers, as indicated. (Between 15 and 35 s, the cell was exposed to 145 mM K+/5 mM TEA.)
Dashed line indicates 0 mV. B, summary of the effect of 5 mM TEA on RMP of HACs that did or did not express
detectable delayed rectifier K+ current. n values at top of graph show number of cells in each group. Paired
treatments on the same group are indicated by horizontal lines. Statistical significance shown under bars are for
paired or unpaired t test, as appropriate. ‘x’ indicates cell groups in which cells with and without delayed rectifier
current (IK(V )) were mixed; ‘+’ and ‘–’ indicate groups with and without IK(V ), respectively. See text for more
detailed explanation. C, a continuous recording of RMP of a HAC in the presence of four concentrations of external
K+ (as indicated) is shown. Solution changes were made rapidly with a multi-barrel local superfusion device. D,
plot of mean membrane potential vs. external [K+]. Mean values were from 5–16 cells at each [K+]. The dashed
line is the best-fit of the equation RMP = A + B × log([K+]), with A = –68.6 mV and B = 30 mV.

C⃝ 2011 The Authors. Journal compilation C⃝ 2011 The Physiological Society

increasing [K+]out depolarizes chondrocytes 

The two-pore-domain potassium 
channels form leak channels that are 
also regulated by O2, pH, and G-proteins.

Vm = EK = RT
F

ln [K+]out

[K+]in

“Nernstian” behavior

[K+]out (mM)



Schematic structure of potassium channels 

b | A top view of a Kir or Kv 
channel, showing the two 
transmembrane segments of 
each of the four α-subunits and 
their corresponding pore-
forming loops (P-loops).

c

c | For K2P channels, four 
transmembrane segments of 
each of the two α-subunits 
(each with two P-loops) 
constituting a channel.

Adapted from doi:10.1038/nrc3635  



structure of K+ channel monomers

Kir, KcsA K2P
Kv, CNG, KCa(SK),
KCNQ, HCN, TRP…

open at rest gated channels: generally closed 
at rest (except KCNQ activated at

voltages lower than Vrest)



ES =
RT

zSF
ln

[S]out

[S]in

Remember:  

zS = 2 for calcium 
zS = -1 for chloride 

etc.



ENa  ≈ +60 mV

EK  ≈ −90 mV

ECl  ≈ −85 mV

ECa  ≈ +115 mV

Vrest  ≈ −65 mV

Commit these values to memory

V = Φin − Φout
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Figure 10.5 According to the Goldman-Hodgkin-Katz voltage equation,
the resting membrane potential (Vrest) will be closer to the Nernst reversal
potential for potassium (EK) than sodium (ENa) when the permeability
for potassium is greater than sodium (PK > PNa, see Eq. 10.19).

ECa =
RT

zCaF
log

[Ca2+]o
[Ca2+]i

= 12.5 mV · log 104

| {z }
9.21

⇡ +115 mV (10.10)

where we have used RT/(zClF ) ⇡ �25mV (note sign) and RT/(zCaF ) ⇡
+12.5mV (decreased by a factor of two).

The Goldman-Hodgkin-Katz voltage equation

The electronegativity of the cell cytosol compared to extracellular space is
predominantly due to the selective permeability of the plasma membrane to
potassium. However, there are lesser contributions from other physiological
ions, e.g., sodium and chloride. The contributions of multiple monovalent
(i.e., z = ±1) ions can be included in a calculation of an e↵ective equilib-
rium potential given by the Goldman-Hodgkin-Katz voltage equation,

Eghk =
RT

F
log
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`
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In this equation, ` is an index over monovalent ions, and P
S
+
`

and P
S
�
`

are

membrane permeabilities for the cations (S+

`
) and anions (S�

`
), respectively.

For example, for a membrane that is permeable to potassium and sodium,

Resting membrane potential determined by membrane permeability 
to potassium, sodium and chloride (in that order)



Vm is a function of the ion concentrations and 
relative permeability of each ion

Goldman-Hodgkin-Katz voltage equation

Vm = RT
F

ln (PK[K]o + PNa[Na]o + PCl[Cl]i

(PK[K]i + PNa[Na]i + PCl[Cl]o

for monovalent ions:  sodium, potassium and chloride



Vm = RT
F

ln( PK[K]o + PNa[Na]o + PCl[Cl]i

PK[K]i + PNa[Na]i + PCl[Cl]o
)

non-Nernstian behavior of Vm

Vm = RT
F

ln( PK[K]o + PNa[Na]o

PK[K]i + PNa[Na]i
)

assume or  so we can ignore the contributions of  ECl − Vm PCl ≈ PK PCl[Cl]

define  ϕ = PNa/PK

Vm = RT
F

ln( [K]o + ϕ[Na]o

[K]i + ϕ[Na]i
)

consider that  and  and therefore  ϕ ≈ 1 [Na]i ≈ [K]i [K]i + ϕ[Na]i − [K]i

Vm − RT
F

ln( [K]o + ϕ[Na]o

[K]i
)

only for mature 
(adult) neurons 
and not always 
the case

you should understand and be comfortable with each step here! 



non-Nernstian behavior of Vm

Vm − RT
F

ln( [K]o + ϕ[Na]o

[K]i
)



non-Nernstian behavior of Vm

Vm − RT
F

ln( [K]o + ϕ[Na]o

[K]i
)

when [K+]o is high… it’s just EK eq.



non-Nernstian behavior of Vm

Vm − RT
F

ln( [K]o + ϕ[Na]o

[K]i
)

when [K+]o is high… it’s just EK eq.

Vm − RT
F

ln( [K]o + ϕ[Na]o

[K]i
)

but when [K+]o is low… this term is relevant



non-Nernstian behavior of Vm

EK = RT
F

ln
Ko

Ki

EK = 1
log(e)

RT
F

log
Ko

Ki



non-Nernstian behavior of Vm

Vm = RT
F

ln
Ko + ϕ[Nao]

Ki

Vm = 1
log(e)

RT
F

log
Ko + ϕ[Nao]

Ki

EK = RT
F

ln
Ko

Ki

EK = 1
log(e)

RT
F

log
Ko

Ki

− 58 mV
mM

{



GHK voltage equation considers all permeant ions
to compute resting membrane potential ( )Vm

1

GHK voltage equation requires permeabilities (or 
relative permeabilities and concentrations

2

3 resting  largely depends on K+ but as [K+]o 
decreases, [Na+]o plays a larger role

Vm


