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Lecture 11


phase plane analysis of 2D nonlinear systems



The “phase plane” for 2D 
autonomous ODEs

dx

dt
= f(x, y)

dy

dt
= g(x, y)

Solutions of ODE system are curves in (x,y)-plane

Can a solution intersect itself?  Why or why not?

x

y



“Nullclines” for 2D autonomous ODEs
dx

dt
= f(x, y)

dy

dt
= g(x, y)

x nullcline: {(x, y) : 0 = f(x, y)}
y nullcline: {(x, y) : 0 = g(x, y)}

Intersections of nullclines are equilibria of 2D system

Flow must cross nullclines with rate either vertically 
or horizontally.  Why?

x

y dy

dt
= 0



Numerical phase plane analysis

Try this yourself in PPLANE 
(see Resources)

http://math.rice.edu/~dfield/dfpp.html

http://math.rice.edu/~dfield/dfpp.html




x-nullcline, y-nullcline and direction field



… and trajectories



stable and unstable manifold of saddle



Analytical phase plane analysis





Are the steady states stable or unstable?

In one dimension we calculated the derivative 
f ’(y) and evaluated at steady-state.  The sign of 
f ’(yss) determined stability.

In two dimensions we linearize equations and 
evaluate the Jacobian matrix at each steady state.  
The eigenvalues of the Jacobian matrix determine 
stability.  The eigenvalues are related to the trace 
and determinant of Jacobian, so steady state can 
be classified by locating tr(J) and det(J) on the 
trace-determinant plane.



constant matrix

in general, matrix entries
are functions of x and y



Near steady state dynamics are 
well-approximated by this 2D linear system





This works because solutions of linear 2D system can be 
written in terms of eigenvectors and eigenvalues of the 

constant coefficient matrix 

 eigenvalues

 eigenvalue

eigenvector
Assume:



stable node

or sink

unstable node

or source



stable spiral

or focus

unstable spiral

or focus



saddle point 

(unstable)

lines in v1 and v2 directions 
are invariant sets


v1: unstable manifold

v2: stable manifold
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�2
� �� + � = 0 , (16.4)

where � = trA and � = det A. Substituting v = 0 into Eq. 16.2 gives x(t) = 0, the
steady state of Eq. 16.1. When v 6= 0, the dynamical behavior of x(t) solving ẋ = Ax
depends on whether Eq. 16.4 has 2, 1 or 0 real-valued solutions. Using the quadratic
formula we find that � is given by1

� =
� ±

p
�2 � 4�

2
=

� ±
p

�

2
, (16.5)

where � = discA = �2 � 4� is the discriminant of the matrix A. The value(s) of � that
solve Eq. 16.5 are the eigenvalues of the matrix A. We have assumed � = det A 6= 0,
so � = 0 is not a solution of Eq. 16.4. Further assuming that � 6= 0, the eigenvalues are
distinct; we will write them as �1 6= �2. There are several qualitatively different cases
to consider.

When �2 > 4� , the distinct eigenvalues are real valued and, without loss of
generality, we may assume �1 < �2. In this case, there are three qualitatively different
types of solutions depending on the signs of �1 and �2: stable node, unstable node
and saddle (shown below).

�1 < �2 < 0
stable node

x

y

0 < �1 < �2

unstable node

x

y

�1 < 0 < �2

saddle

x

y

When �2 < 4� , the eigenvalues of A solving Eq. 16.4 are a complex conjugate pair,
� = µ ± i!, corresponding to a stable spiral, center, or unstable spiral depending on
the sign of the µ.

� = µ± i! with µ < 0
stable spiral

x

y

� = ±i!

center

x

y

� = µ± i! with µ > 0
unstable spiral

x

y

276 PART IV: EXCITABILITY AND PHASE PLANES

�2
� �� + � = 0 , (16.4)

where � = trA and � = det A. Substituting v = 0 into Eq. 16.2 gives x(t) = 0, the
steady state of Eq. 16.1. When v 6= 0, the dynamical behavior of x(t) solving ẋ = Ax
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Consistent with the direction of flow near the origin, the stable node and stable spiral
are referred to as sinks and the unstable node and unstable spiral are sources.

The Trace-Determinant Plane

Fig. 16.1 shows that the five qualitative different types of steady states illustrated
above may be organized according to the value of � = trA and � = det A. In this trace-
determinant plane, the stable steady states (sinks) are located in the second quadrant
(blue) where � < 0 and � > 0. Saddles are located in both quadrants three and four
(� < 0). The spirals are located above the parabola where � > �2/4 and eigenvalues
are complex valued. Nodes and saddles are located below the parabola where the
eigenvalues are real (have no imaginary part).

The following two sections show the analytical form of these qualitatively dif-
ferent flows in 2d linear systems and briefly describe how these solutions may be
derived. The case of real and distinct eigenvalues (Section 16.2) and complex conjugate
eigenvalues (Section 16.3) will be described in turn.

� = �
2
/4

unstable nodestable node

saddle

� = trA

� = detA

unstable spiralstable spiral

Figure 16.1 The trace-determinant plane organizes the major categories of steady states to
2d linear systems.

https://mathlets.org/mathlets/linear-phase-portraits-matrix-entry/

 trace-determinant plane

https://mathlets.org/mathlets/linear-phase-portraits-matrix-entry/
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Terms involving c2 also balance,

� (3t + 2) e�3t
= �2 (t + 1) e�3t

� te�3t

� (3t � 1) e�3t
= (t + 1) e�3t

� 4te�3t .

Problem 16.8

� = �
2
/4

<

=

unstable node

<

=

stable node

<

=

saddle

<

=

unstable spiral

<

=

stable spiral

<

=

center

� = trA

� = detA

Notes
1. The quadratic formula is (�b ±

p
b2 � 4ac)/2 and here b = �� and a = 1

and c = � . Note that the � is positive in Eq. 16.5 because it appears in
Eq. 16.4 with a negative sign.

2. This expression uses b 6= 0, which is the case, because when b = 0 the
discriminant of A is not negative and the eigenvalues of A, given by a and
d, are not complex valued.

trace-determinant plane
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classification eigenvalues



Another example of phase plane analysis













Another example of phase plane analysis

Can you show (analytically) that 
there is one unstable steady state (saddle)



y

x´ = x²-y

y´ = x-y
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y

x´ = y

y´ = x*(1+y)-1
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x-nullcline 

y-nullcline unstable manifold
of saddle

stable manifold
of saddle




