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membrane currents are measured 
using the “voltage-clamp” technique  
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= Iapp − Imem

depolarizing 
voltage pulses Iapp V = Vcomsuch that

dV

dt
≈ 0 Iapp ≈ Imemand except near jumps 

The applied current required to maintain the command 
voltage “measures” the changing membrane currents 

evoked by the command voltage
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Figure 12.1 Left: In current-clamp recording the applied current Iapp(t)
is the stimulus (black) and the membrane potential V (t) is the response
(blue). Right: In voltage-clamp recording the command potential Vcom(t) is
the stimulus (black) and the ionic membrane current Iion(t) is the response
(blue).

Table 12.1 Current-clamp vs. voltage-clamp recording.

recording method stimulus response

current-clamp Iapp(t) V (t)
voltage-clamp Vcom(t) Iapp(t) = Iion(t)

cisely. At every moment in time, current is applied is in such a way that
the membrane voltage approximately follows a voltage time course Vcom(t)
known as the command voltage. This command voltage is chosen in ad-
vance by the experimentalist. Rewriting the current balance equation in the
following way,

Iapp(t) = C
dV

dt
+ Iion(V )

| {z }
Imem

(12.2)

we see that during voltage clamp recording the applied current required to
maintain the command voltage is a measurement of the membrane current
(capacitative and ionic).

This experimental technique is referred to as voltage-clamp recording,
because V (t) is made to follow the time course of the command voltage
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Table 8.1 Physical dimensions and units for ionic membranes.

at which Iion(V ) changes sign. The quantity (V � E) in Eq. 8.7—the devia-
tion of the membrane voltage from E—is referred to as the driving force for
the ionic membrane current. Eq. 8.7 is fundamental because ionic membrane
currents that are not Ohmic are often conceptualized as the product of a
linear driving force and a voltage-dependent conductance (see Chapter 10).

8.7 The phase diagram for voltage of passive membranes

Assuming the voltage-dependence of ionic membrane current has been mea-
sured, knowledge of the functional form of Iion(V ) allows us to put flesh
on the skeleton ODE for membrane voltage introduced in Section 8.5. Sub-
stituting the ionic membrane current of Eq. 8.7 into the current balance
equation (Eq. 8.4), we obtain a linear first-order di↵erential equation for
membrane voltage,

dV

dt
=

1

C
[Iapp � g (V � E)]| {z }

Iion

. (8.8)

This ODE model for a passive neuronal membrane is one of the most im-
portant formulas in cellular biophysics. Assuming constant applied current,
Eq. 8.8 is an autonomous first-order ODE that can be analyzed using the
phase diagram technique (Chapter 3).

Fig. 8.6 shows the phase diagram for Eq. 8.8. Putting the ODE in the
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Figure 12.1 Left: In current-clamp recording, the applied current Iapp(t)
is the stimulus (black) and the membrane potential V (t) is the response
(blue). Question: What is the observed membrane resistance? Right: In
voltage-clamp recording, the command potential Vcom(t) is the stimulus
(black) and the membrane current Imem(t) is the response (blue).

In voltage-clamp recording, the roles of applied current and membrane
voltage are reversed (Fig. 12.1, right). Electronic instrumentation rapidly
and precisely controls the applied current Iapp(t) so that membrane voltage
V (t) follows a command voltage, Vcom(t), that is chosen in advance to
reveal the dynamics of membrane current. In voltage-clamp recording, the
command voltage is the stimulus and the measured membrane current is the
response (Fig. 12.1, right).

Voltage-clamp summary plots and rectification

The results of multiple voltage-clamp experiments are often presented en
mass as an empirical current-voltage relation. Fig. 12.2 shows idealized
voltage-clamp recordings of a membrane with a GHK-type potassium con-
ductance. The holding potential is Vhold = �90mV, while the step po-
tential takes nine di↵erent values ranging from Vstep = �150 to 10mV.
The reversal potential for the potassium current is EK = �90mV (right
panel). When the step potential is depolarized (Vstep > Vhold), the ionic
current is outward (Iion > 0). When the step potential is hyperpolarized
(Vstep < Vhold), the ionic current is inward (Iion < 0). For comparison,
Fig. 12.3 shows en mass voltage-clamp recordings of a Kir current.
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voltage-clamp recordings show ionic currents activate over time
12.1 Current-clamp and voltage-clamp recording 225
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Figure 12.4 The applied current (Iapp, blue) in the voltage-clamp technique
measures the membrane current (Imem = Icap + Iion, gray) in response to
a depolarizing step in command voltage (Vcom, black). The capacitative
transients that occur at when the voltage step begins and ends are charac-
teristic of voltage clamp recordings. Question: Is the elicited ionic current
inward or outward? Why is the capacitative transient upward at pulse start
and downward at pulse end?

may express depolarization-activated outward currents that have a delay
(such as IKV in Figs. 12.4 and 12.5). There are also delayed inward currents
that are activated by depolarization, and delayed inward and outward cur-
rents that are activated by hyperpolarization. Fig. 12.6 summarizes these
four basic cases; more complex examples follow.
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Figure 12.4 Voltage-clamp recording of a membrane expressing a
depolarization-activated potassium current with delay. Notice that the
plateau membrane current flows outward (Vstep > EK) more easily than
inward (Vstep < EK). The time constant for activation time is about 10ms.

activated at any given voltage is given the gating function,

w1(V ) =
1

2


1 + tanh

✓
V � V✓

V�

◆�
. (12.6)

The opening of these channels occurs with a time constant of ⌧m:

dw

dt
= �w � w1(V )

⌧w

(12.7)

and the potassium current conductance is given by ḡK-DRw where w is the
solution of Eq. 12.7,

IK-DR = ḡK-DRw (V � EK) .

For example, if a holding potential of Vhold is maintained for a long time
prior to the current step at t = t⇤, then the initial condition for Eq. 12.7 is
w(t = t⇤) = w1(Vhold), which is the steady state value of the gating function
at the holding potential. Subsequent to the voltage step, the membrane
potential is V (t > t⇤) = Vstep and w will relax exponentially from the initial
value w1(Vhold) to the new steady state w1(Vstep), that is,

w(t) = [w1(Vstep) � w1(Vhold)] e
�(t�t⇤)/⌧w + w1(Vhold) for t � t⇤.

(12.8)

plateau current

initially...

initially...

current-voltage relations usually show maximum current



Ionic current activation is modeled using an 
ODE for gating variable dynamics

IK−DR = gKmη (V − EK)

dm

dt
= −m−m∞(V )

τm(V )



Ca2+ currents may also activate gradually

I-V relation plots the 
“plateau” Ca2+ current

inward current 

that activates with 

depolarization



so far we have discussed persistent currents12.2 Plateau currents of IKv (IK-DR) and Isag(Ih) 231

�65mV
20mV

Vcom(t)

05 nA

Imem

depolarization-activated
outward current

100ms

depolarization-activated
inward current

�65mV

20mV

Vcom(t)

05 nA

Imem

hyperpolarization-activated
outward current

100ms

hyperpolarization-activated
inward current

Figure 12.3 Four representative persistent currents as measured in voltage-
clamp.

currents such as this are often described as delayed rectifier potassium
currents and denoted IK-DR.

Fig. 12.5 presents a voltage-clamp recording of a membrane expressing
the hyperpolarization activated nonspecific cation current Isag and passive
leak Ileak (see Chapter 10). The holding potential used here is the resting
potential of the membrane, which is much closer to EK than Esag because
Isag is de-activated at rest. The activation time constant for Isag is about
20ms. The plateau membrane current exhibits inward rectification.

The gradual activation of ionic currents can be modeled by introducing
an ODE for gating variable dynamics. For example, for the delayed recti-
fier potassium current, the steady-state fraction of ion channels that are
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Figure 12.5 Voltage-clamp recording of a membrane expressing a
depolarization-activated potassium current with delay. Notice that the
plateau membrane current flows outward (Vstep > EK) more easily than
inward (Vstep < EK). The time constant for activation time is about 10ms.

Consequently, the ionic current response to the step potential is,

IK-DR =

(
ḡK-DRw1(Vhold) (Vhold � EK) for t < t⇤

ḡK-DRw(t) (Vstep � EK) for t � t⇤.

where w(t) is given by Eq. 12.8. Often Vhold is chosen so that steady state
value of the gating function is nearly zero (w1(Vhold) ⇡ 0). In that case, the
initial membrane current is neglegable (IK-DR ⇡ 0) and, subsequent to the
voltage step, IK-DR(t) is approximately proportional to m(t).

A similar argument explains the de-activation phase of the delayed rectifier
potassium current (IK-DR) and the hyperpolarization-activated nonspecific
cation current (Isag). As illustrated in Fig. ??, if the step potential Vstep

used in a current pulse protocol is maintained for a su�ciently long time
(i.e., the pulse is long enough), w(t = t⇤⇤) = w1(Vstep), which is the steady
state value of the gating function at the step potential. After the voltage
pulse ends, the membrane potential returns to V (t > t⇤⇤) = Vhold and w will
relax exponentially from w1(Vstep) to the w1(Vhold). If Vhold is chosen so
that w1(Vhold) ⇡ 0, IK-DR(t) will decay as the gating variable exponentially
relaxes to zero.

12.3 Membrane current inactivation of ICa-L and INa-V

Fig. ?? shows a voltage-clamp recording of a membrane expressing voltage-
activated sodium current INa-V and passive leak Ileak. In the physiological

plateau current

Is this current activated by depolarization or hyperpolarization? 
Is this current inward or outward?
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Figure 12.6 An outward current that activates with a time constant of 8ms
and inactivates with a time constant of 60ms. The plateau currentt is about
50% the peak value (see caption for Fig. ??).

range of voltages (V < 0), both the peak and plateau membrane currents
flows inward (Vstep > EK) more easily than outward (Vstep < EK). The time
constant for activation of INa-V is about 5ms. A slower inactivation process
with time constant of about 20ms is responsible for the plateau current
having smaller magnitude than the peak current (|Iplateau| < |Ipeak|).

Voltage-clamp experiments measuring the current-voltage relation for cal-
cium currents activated by depolarization are very similar to the depolarization-
activated sodium current shown in Fig. ??. For plasma membrane calcium
currents, it is often the case that the inactivation process is mediated by
the dynamics of intracellular calcium as well as voltage-dependent processes
(not shown).

A current for which the plateau is half the peak value might be called an
inactivating current. For some inactivating currents, the plateau current
is very small, that is, the inactivation process can be nearly 100% e↵ective.
Such currents are referred to as transient currents. A current that does not



separation of Ca2+ and Na+ currents
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Figure 12.7 Four representative transient currents as measured in voltage-
clamp.

inactivate at all, for example, IK-DR and Isag, are referred to as persistent
currents (an antonym for inactivating currents).

Inactivation of ionic currents is traditionally modeled by introducing yet
another ODE for another gating variable. For example, a depolarization-
activated sodium current could be modeled as

INa-V = ḡNa-Vm3h (V � ENa)

where the activation gating variable m satisfies Eq. ?? with m1(V )
an increasing sigmoidal function, and the inactivation gating variable h
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12 Voltage-Clamp

Recording

Current-voltage relations are obtained using the electrophysiological technique of
voltage-clamp recording. Voltage-clamp recording reveals that ionic currents are not
always instantaneous functions of membrane voltage (as assumed in previous
chapters). Rather, ionic currents activate (channels open) or deactivate (channels close)
on a time scale of 5–50 ms. Voltage-clamp experiments also reveal slower processes of
channel closure and recovery (inactivation and de-inactivation).

12.1 Current-Clamp and Voltage-Clamp Recording
The current balance equation for a neural membrane takes the form,

C
dV
dt

= Iapp � Iion(V) , (12.1)

where Iion(V) is the total ionic membrane current. For a passive Ohmic current such
as Iion(V) = IL(V) = gL(V � EL), we are able to analytically calculate the membrane
voltage V(t) as a function of time (an exponential relaxation, recall Eq. 8.11). When
Iion(V) is nonlinear, as was the case for the bistable neural membranes of Chapter 11,
membrane voltage V(t) may be simulated via numerical integration of the current
balance equation (as in Fig. 11.4).

For both linear and nonlinear membranes, we have (up until now) thought of
applied current Iapp(t) as a stimulus, and the resulting changes in neural membrane
voltage V(t) as the response. In Chapter 8 we learned that a positive applied current
pulse will depolarize a passive membrane (Fig. 12.1, left). When the time course of
applied current is chosen in advance (i.e., clamped), the result is a current-clamp record-
ing of membrane voltage.

In voltage-clamp recording, the roles of applied current and membrane voltage
are reversed (Fig. 12.1, right). Electronic instrumentation rapidly and precisely controls
the applied current Iapp(t) so that membrane voltage V(t) follows a command voltage,
Vcom(t), that is chosen in advance to reveal the dynamics of membrane current.
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13 Hodgkin-Huxley
Model of the Action
Potential

Alan Hodgkin and Andrew Huxley’s Nobel Prize winning studies included seminal
experimental observations of the action potential in the squid giant axon. Hodgkin
and Huxley introduced the mathematical framework for modeling ionic currents of
excitable membranes that has become standard.

13.1 The Squid Giant Axon
Alan Hodgkin and Andrew Huxley’s studies of the dynamics of the action potential
in neural membranes included the refinement of an experimental preparation: the
squid giant axon.1 The giant axon of a (normal sized) squid is a motoneuron that
participates in escape reflex circuitry. The axon is many centimeters long (about half
the squid’s length) – originating in the stellate ganglion and innervating muscle cells
in the mantle – and nearly a millimeter in diameter. The squid giant axon’s diameter is
a specialization that allows rapid propagation of action potentials.2 The giant axon
enabled experimental manipulation of intracellular and extracellular solutions and
control of ionic concentrations on both sides of the nerve membrane. A wire could
be threaded down the length of the large diameter axon leading to a spatially clamped
electrical recording mode in which the giant axon was essentially uni-potential. This
meant that wave phenomena related to the propagation of action potentials down the
length of the axon would not confound electrical recordings.

Current-Clamp Recording

Hodgkin and Huxley used both current-clamp and voltage-clamp recording tech-
niques to study the action potential of the squid giant axon. To illustrate, Fig. 13.1
shows how the excitability of the squid giant axon may be triggered by brief pulses
of depolarizing applied current (Ipulse > 0). For a subthreshold current pulse, the
membrane responds passively (increasing while Ipulse > 0 and decreasing when Ipulse
returns to zero). On the other hand, when superthreshold current is applied, an

216
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Figure 12.1 Left: In current-clamp recording the applied current Iapp(t)
is the stimulus (black) and the membrane potential V (t) is the response
(blue). Right: In voltage-clamp recording the command potential Vcom(t) is
the stimulus (black) and the ionic membrane current Iion(t) is the response
(blue).

Table 12.1 Current-clamp vs. voltage-clamp recording.

recording method stimulus response

current-clamp Iapp(t) V (t)
voltage-clamp Vcom(t) Iapp(t) = Iion(t)

cisely. At every moment in time, current is applied is in such a way that
the membrane voltage approximately follows a voltage time course Vcom(t)
known as the command voltage. This command voltage is chosen in ad-
vance by the experimentalist. Rewriting the current balance equation in the
following way,

Iapp(t) = C
dV

dt
+ Iion(V )

| {z }
Imem

(12.2)

we see that during voltage clamp recording the applied current required to
maintain the command voltage is a measurement of the membrane current
(capacitative and ionic).

This experimental technique is referred to as voltage-clamp recording,
because V (t) is made to follow the time course of the command voltage

158 The Current Balance Equation

physical dimension unit abbreviation

conductance =
1

resistance
siemen =

1

ohm
S =

1

⌦

current =
charge

time
ampere =

coulomb

second
A =

C

s

capacitance =
charge

voltage
farad =

coulomb

volt
F =

C

V

resistance =
voltage

current
ohm =

volt

ampere
⌦ =

V

A

conductance =
current

voltage
siemen =

ampere

volt
S =

A

V

Table 8.1 Physical dimensions and units for ionic membranes.

at which Iion(V ) changes sign. The quantity (V � E) in Eq. 8.7—the devia-
tion of the membrane voltage from E—is referred to as the driving force for
the ionic membrane current. Eq. 8.7 is fundamental because ionic membrane
currents that are not Ohmic are often conceptualized as the product of a
linear driving force and a voltage-dependent conductance (see Chapter 10).

8.7 The phase diagram for voltage of passive membranes

Assuming the voltage-dependence of ionic membrane current has been mea-
sured, knowledge of the functional form of Iion(V ) allows us to put flesh
on the skeleton ODE for membrane voltage introduced in Section 8.5. Sub-
stituting the ionic membrane current of Eq. 8.7 into the current balance
equation (Eq. 8.4), we obtain a linear first-order di↵erential equation for
membrane voltage,

dV

dt
=

1

C
[Iapp � g (V � E)]| {z }

Iion

. (8.8)

This ODE model for a passive neuronal membrane is one of the most im-
portant formulas in cellular biophysics. Assuming constant applied current,
Eq. 8.8 is an autonomous first-order ODE that can be analyzed using the
phase diagram technique (Chapter 3).

Fig. 8.6 shows the phase diagram for Eq. 8.8. Putting the ODE in the
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Figure 12.1 Left: In current-clamp recording, the applied current Iapp(t)
is the stimulus (black) and the membrane potential V (t) is the response
(blue). Question: What is the observed membrane resistance? Right: In
voltage-clamp recording, the command potential Vcom(t) is the stimulus
(black) and the membrane current Imem(t) is the response (blue).

In voltage-clamp recording, the roles of applied current and membrane
voltage are reversed (Fig. 12.1, right). Electronic instrumentation rapidly
and precisely controls the applied current Iapp(t) so that membrane voltage
V (t) follows a command voltage, Vcom(t), that is chosen in advance to
reveal the dynamics of membrane current. In voltage-clamp recording, the
command voltage is the stimulus and the measured membrane current is the
response (Fig. 12.1, right).

Voltage-clamp summary plots and rectification

The results of multiple voltage-clamp experiments are often presented en
mass as an empirical current-voltage relation. Fig. 12.2 shows idealized
voltage-clamp recordings of a membrane with a GHK-type potassium con-
ductance. The holding potential is Vhold = �90mV, while the step po-
tential takes nine di↵erent values ranging from Vstep = �150 to 10mV.
The reversal potential for the potassium current is EK = �90mV (right
panel). When the step potential is depolarized (Vstep > Vhold), the ionic
current is outward (Iion > 0). When the step potential is hyperpolarized
(Vstep < Vhold), the ionic current is inward (Iion < 0). For comparison,
Fig. 12.3 shows en mass voltage-clamp recordings of a Kir current.
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action potential suppressed when [Na+]o is decreased

When I show you a figure, ask yourself:
Is this a “current clamp” or “voltage clamp” recording?
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Figure 13.1 Equivalent circuit for the Hodgkin-Huxley model of the squid
axon. [[This is from Hille reproduced from Hodgkin and Huxley 1952d.]]

Huxley model of the squid giant axon action potential was the following
system of four ordinary di↵erential equations:

C
dV

dt
= Iapp � gNam

3h (V � ENa) � gKn (V � EK) � gL (V � EL) (13.1a)

dm

dt
= �m � m1 (V )

⌧m (V )
(13.1b)

dh

dt
= �h � h1 (V )

⌧h (V )
(13.1c)

dn

dt
= �n � n1 (V )

⌧n (V )
. (13.1d)

You probably recognize Eq. 13.1a as the current balance equation for a
membrane model. This current balance equation includes an applied current
(Iapp), a passive leakage current (IL) and two voltage-gated ionic currents
(1) the transient depolarization-activated sodium current (denoted by INa)
and (2) the delayed outward rectifying potassium current (denoted by IK).
Fig. ?? shows the circuit diagram that is equivalent to Eq. 13.1a. Eqs. 13.1b–
13.1d in the Hodgkin-Huxley model are ODEs for three gating variables: the
activation (m) and inactivation (h) variables for INa as well as the activation
(n) gating variable for IK.

The Hodgkin-Huxley model was highly constrained by experimental ob-
servations. For example, Hodgkin and Huxley applied the voltage-clamp
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Figure 12.20 Gating variables for the Hodgkin-Huxley model.



HHsim: Graphical Hodgkin-Huxley Simulator
http://www.cs.cmu.edu/~dst/HHsim/

http://www.cs.cmu.edu/~dst/HHsim/


http://myselph.de/hodgkinHuxley.html

http://myselph.de/hodgkinHuxley.html
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Figure 13.11 Hodgkin-Huxley model voltage threshold for excitability.
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Figure 13.12 Voltage-gated membrane currents (sodium, potassium and
leak) of Hodgkin-Huxley model.

gating variable dynamics reproduce
voltage-clamp recording (as expected)
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Figure 13.13 Hodgkin-Huxley model action potential currents and gating
variables.

stimulus (brief applied current)

gating and currents predicted during action potential
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Figure 13.8 Hodgkin-Huxley model response to brief depolarizing steps in
applied current may evoke an action potential.
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Figure 13.9 Hodgkin-Huxley model response to sequential brief depolariz-
ing steps in applied current may evoke an action potential.

latency depends on stimulus absolute refractory period 
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Figure 13.10 Hodgkin-Huxley model response to a hyperpolarizing step in
applied current may exhibit post anodal break excitation.

model suggests reason for post-anodal break excitation
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Figure 13.14 Hodgkin-Huxley model action potential currents and gating
variables during repetitive oscillations with Iapp = 12µA/cm2. Frequency
of spikes is about 3 per 40ms, that is, 75 Hz.

super-threshold applied current leads to repetitive spiking
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Figure 13.7 Hodgkin-Huxley model response to a step in applied current.

numerical bifurcation analysis of repetitive spiking 



We can numerically integrate the HH model, that is, 
perform simulations and compare/contrast theory with 
experiment.   

But how are we going to analyze and truly understand 
this model composed of four ODEs?

We will study the Morris-Lecar model of excitable 
barnacle muscle fibers in detail.   It’s a 3 variable model that 
we can reduce to 2 variables and study in the phase 
plane.  

We will study membrane excitability and oscillations using 
phase planes, linear stability analysis, 
bifurcation theory for 2D systems, and the 
Fitzhugh-Nagumo model.



Justification 
for 

HH-style 
gating 

variable 
equations


