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The diagrams below show fixed points of 3d dynamical systems; 3, 4, 7, & 8 are saddle points!
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Figure 1: Illustration of different classes of equilibrium points in the three-dimensional state space.

2 Vector field topology
Let us consider a three-dimensional dynamical model, generated by a system of ODEs: u̇ = F(u) with u : E ✓ R3! R3 and F is a
linear or non-linear functional.
An equilibrium point x0 2 R3 is defined as a solution that does not change in time: u̇(x0) = 0. It is said to be Lyapunov stable
[19], if every solution with initial conditions sufficiently close to this point remains close to it:

8✏> 09�|x� x0|< � =) |x� x0|< ✏ 8t > 0.

The point is asymptotically stable if all the trajectories starting in a neighborhood of the point converge to the equilibrium when
t ! 0:

8✏> 09�|x� x0|< � =) l imx!1x= x0 ,8t > 0.

In our analysis we consider F as non-linear functional. Therefore the stability of the equilibrium is determined by linearizing the
equations of the model about the equilibrium and by looking at the signs of the eigenvalues �1,�2,�3 of the Jacobian matrix J .
In particular an equilibrium point is hyperbolic if the real part of �1,�2, and �3 is not zero.
If all the eigenvalues are real, a critical point could exhibit one of the following features:

Asymptotically Stable Node Re(�1) < Re(�2) < Re(�3) < 0
Unstable Node 0< Re(�1) < Re(�2) < Re(�3)

Repelling Saddle Re(�1) < 0< Re(�2) < Re(�3)
Attracting Saddle Re(�1) < Re(�2)< 0< Re(�3)

If the Jacobian matrix J possesses two complex conjugate eigenvalues, the trajectories spiral around the point, and the
hyperbolic equilibrium can be classified in the following cases:

Asymptotically Stable Focus-Node Re(�1) < Re(�2) = Re(�3) < 0
Im(�2)=-Im(�3)

Unstable Focus-Node 0< Re(�1) <Re(�2) = Re(�3)
Im(�2)=-Im(�3)

Repelling Focus-Saddle Re(�1)< 0< Re(�2) = Re(�3)
Im(�2)=-Im(�3)

Attracting Focus-Saddle Re(�1) = Re(�2) < 0< Re(�3)
Im(�1)=-Im(�2)

These classes of points have different features on the vector field or phase space (Figure 1). The saddle points are always
unstable but they are characterized by two different invariant manifolds [21].
Assuming that xs 2 R3 is a hyperbolic saddle, the stable manifold W s(xs) has the property that all its orbits tend to the saddle in
forward time:

W s(xs) = {x 2 E| limt!+1 u(x, t) = xs}.
On the other hand, the unstable manifold W u(xs) includes all the trajectories tending to xs in backward time:

W u(xs) = {x 2 E| limt!�1 u(x, t) = xs}.
Therefore the dimension of the stable manifolds is equal to the number of the corresponding eigenvalues.

The manifolds W s(xs) and W u(xs) are fundamental to understand the global behavior of the vector field. In fact they form
separatrices, partitioning the state space into invariant regions of different flow behavior, representing the boundaries of the
different basins of attraction.
In the next section we present a method to detect and reconstruct these manifolds.
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51. Which fixed points are stable? [ a. 1&2 | b. 1&3 |
c. 2&3 | d. 2&4 | e. 3&4 ]

52. For which panels is there a 1d stable manifold of
a saddle? [ a. 3&4 | b. 3&7 | c. 3&8 | d. 4&7 |
e. 4&8 ]

53. For which panels is there a 2d stable manifold of
a saddle? [ a. 3&4 | b. 3&7 | c. 3&8 | d. 4&7 |
e. 4&8 ]

54. Panels 5–8 have one real eigenvalue and a complex conjugate pair of eigenvalues. Which of these panels has
one eigenvalues with negative real part and two eigenvalues with positive real part? [ a. 5 | b. 6 | c. 7 | d. 8
| e. 6&7 ]

The Wilson-Cowan model of neocortical dynamics is a population firing rate model.

dE

dt
= �E + � (wEEE � wEII + hE) and dI

dt
= �I + � (wIEE � wIII + hI) where wEE , wEI , wIE , wII � 0

where the �(h) is an increasing sigmoidal function. The dependent variables E and I represent the population
firing rates of excitatory and inhibitory neurons, respectively, in a cortical column of secondary visual cortex (V2).
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Fig. 10 The left panel shows the E–I phase plane and nullclines of Eq. (7). The intersections of the two
null clines are equilibrium or fixed points of the equations. Those labeled (+) are stable, those labeled (−)
are unstable. Parameters: wEE = 12, wEI = 4, wIE = 13, wII = 11, nH = 0. The stable fixed points are
nodes. The right panel shows an equilibrium which is periodic in time. Parameters: wEE = 16, wEI = 12,
wIE = 15, wII = 3, nH = 1.25. In this case the equilibrium is a limit cycle. [Redrawn from [24]]

Fig. 11 The left panel shows bifurcations of Eq. (7) in the spatially homogeneous case, organized
around the Bogdanov–Takens (BT) bifurcation. SN1 and SN2 are saddle-node bifurcations. AH is an An-
dronov–Hopf bifurcation, and SHO is a saddle homoclinic-orbit bifurcation. Note that a and b are the
control parameters introduced earlier. The right panel shows the nullcline structure of a Bogdanov–Takens
bifurcation. At the Bogdanov–Takens point, a stable node (open circle) coalesces with an unstable point.
[Redrawn from [34]]

and Kirillov [32] and Hoppenstaedt and Izhikevich [33] have greatly extended this
analysis.

The left panel of Fig. 11 shows the detailed structure around such bifurcations.
Evidently the saddle-node and Andronov–Hopf bifurcations lie near the Bogdanov–
Takens bifurcation. Thus all the bifurcations described in the spatially homogeneous
Wilson–Cowan equations lie close to such a bifurcation in the (a,b)-plane. The
Bogdanov–Takens bifurcation depends on two control parameters a and b, and is
therefore of codimension 2. In such a bifurcation an equilibrium point can simulta-
neously become a marginally stable saddle and an Andronov–Hopf point. So at the
bifurcation point the eigenvalues of its stability matrix have zero real parts. In addi-
tion the right panel of Fig. 11 shows how the fast E-nullcline and the slow I-nullcline
intersect. The first point of contact of the two nullclines is the Bogdanov–Takens
bifurcation point. The two nullclines remain close together over a large part of the
subsequent E–I phase space before diverging. As we will later discuss, this property

E

I

55. In A, the constants hE and hI represent the effect of pro-
jection neurons from V1 to V2. Presumably, these projec-
tion neurons are [ a. pyramidal | b. hippocampal | c. stel-
late | d. thalamic | e. cerebellar ].

56. In all likelihood, these projection neurons are [ a. glycin-
ergic drivers | b. glycinergic modulators | c. glutamatergic
drivers | d. glutamatergic modulators ].

57. In B, the solid curve shows a trajectory (solution) with
initial value (I, E) = (0, 0). The broken curves are null-
clines. The Z-shaped curve is the [ a. E | b. I ] nullcline.

58. The fixed point in B is a [ a. stable node | b. unstable node | c. stable spiral | d. unstable spiral ].

59. Does the location of the fixed point in the (I, E) plane depend on hE? [ a. no | b. yes ].

60. The physical dimensions of wEE are [ a. time�1 | b. time | c. ms | d. ms�1 ].

61. If hE was not constant, but given by hE(t) = cos(!t), the ODEs shown above would become [ a. linear |
b. nonlinear | c. autonomous | d. nonautonomous ].

62. A stable periodic solution of the Wilson-Cowan model could be interpreted as a(n) [ a. unstable | b. PIR |
c. delta | d. emotional | e. LFP ] oscillation.

? Project 3 ? : Use �(h) = 1/(1 + e�x) as the increasing sigmoidal function. Choose/find a parameter set
(wEE , wEI , wIE , wII , hE , hI) that leads to limit cycle oscillations. Using pplane plot of the direction field, null-
clines, and the oscillatory solution (i.e., a phase plane that shows you found a good parameter set).


